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MODERN RESEARCHES ON THE 
SINGULARITIES OF FUNCTIONS 
DEFINED BY TAYLOR’S SERIES? 


I 
PRELIMINARY THEOREMS? 


1. A region D, lying in a plane, is a set of points having 
the property that each of its points is an interior point, 
that is, each point of D can be made the center of a circle 
which contains in its interior only points of D. 

Let P, P’ be arbitrary points contained in a set E. If, 
corresponding to an arbitrary positive number e, the points 
P and P’ can be joined by a polygonal line consisting of a 
finite number of segments, all of its vertices belonging to £, 


1 Lectures delivered at the Rice Institute during the academic year 1926-27 by 
S. Mandelbrojt, Docteur és Sciences (Paris), Lecturer in Mathematics at the Rice 
Institute. Edited by E. R. C. Miles, M.A. (Harvard), Instructor in Mathematics 
at the Rice Institute. 

2 This first chapter is devoted to definitions and theorems which may be classed 
as elementary, but in subsequent chapters the author gives more modern and 
therefore more specialized theorems. The present type of research, which began 
with the famous thesis of Hadamard, has broadened considerably during the past 
few years. Complete proofs of all the theorems cannot be compressed in the 
space available in a short treatise, so the author treats only of such theorems as 
seem to give unity to the theory, and of the latter theorems proofs are given, for 
the greater part, in detail. 

The reader will find a large bibliography, as well as an enumeration of nearly 
all the results on the singularities of Taylor’s series in Hadamard and Mandel- 
brojt: La Série de Taylor et son prolongement analytique, Scientia, No. 41, also 
in the author’s volume of the Memorial des Sciences Mathématiques. The 
present treatise may be regarded as complementary to, as well as an elaboration 
of, some parts of the works just mentioned. 
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a cath ia Sat ee a oa conti ut 
of points of the region. Unless otherwi t2 
“region” will denote a connected region. a; Be THT 
If a region D lies entirely in the finite domain, re tl 

are points which are limiting points of D without belongin : 
to D. The aggregate of such points is called the boundary — ; 

of the region D. If we add to the set D the set of boundary 

points, we obtain a closed set, or, as we shall say, a closed 
7 region. 4 
2. The equations 


oy | ai, Tee 


are said to define a regular arc if in the interval #<t<4, 
the following conditions are satisfied: 

(a) the functions f(z), ¢(¢), f’(é) and ¢/(¢) are continuous; | 

(b) the equations f(t) = f(t’), 6(é) = $(¢’) admit the unique 

solution ¢t = t’; 

(c) f?@) + $7(t) 0. 

If a finite number of regular arcs are joined consecutively, 
the resulting curve is said to be regular. A regular curve _ 
has therefore a continuously turning tangent except per- _ 
haps at a finite number of points. 

A set of points which can be placed in one-to-one and 
continuous correspondence with the totality of points t, 
ty S tS, constitutes a Jordan curve. Such a curve may be 
represented by the equations 


wee f(), tee o(t), 


where f(t) and ¢(¢) are continuous in the interval tp < t< 4. 


—- a 
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If (x, y) is a point of the set, the pair of equations 
#={0, y= 90), t<t<h, 


‘must admit a unique solution t= 7%, t)<i< 4. This last 


property is usually indicated by saying that the curve is 
simple. If f(to) = f(t:) and (to) = $(t,), the curve is said 
to be closed. 

3. The function f(z) is holomorphic in a connected region 


_D of the plane x = x + yz if, in each point of D, the follow- 


ing conditions are satisfied: 
(a) f(z) is defined; 
(b) f(z) is continuous; 
(c) f’(z) exists. 

The existence of a holomorphic function in a non-con- 
nected region is conceivable, as, for example, in a region 
consisting of the interior and the exterior of a closed curve. 
We shall see, however, that if the region is composed of n 
connected subregions, there will exist, in general, different 
holomorphic functions. 

4. THrorem 1 (Cauchy-Goursat): If f(z) 1s holomorphic 
in a region D and continuous on the boundary C, consisting of 
a finite number of closed simple regular curves, then 


S f(z) dz = 0, 


the integral being taken along C in the positive sense. 
Cauchy’s proof of this theorem required the continuity 
of f’(z). Goursat has given a proof in which only the exist- 
ence of /’(z) is assumed, as indicated in the statement of the 
theorem. 
TuHeoreM 2: If f(z) is holomorphic in D and continuous 
on the boundary, then, in each interior point of D, 


yapoidy ie. (1) 


QZrist—z 
Cc 
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Moreover, the successive derivatives of f(z) may be ob- 
tained by differentiating under the integral sign. In fact, 


S@dt, 


RO oi id =a 
ie f(t)dt 
(oe = xt 1 _ z) 


. n\ f(idt 
f'@= ate 


Hence a function holomorphic in a region D has continuous 
derivatives of all orders in D. 
Consider the series 


{roses 
t-z t—a BR Peet 
t— a 
oe (z— a)" 
~ x (t — aye (2) 
which converges if 
Z—a 
Ry li (3) 


If the point a is within D, then 


fa) = z+ [104 


2m1Jt—2 
c 


_ nlf. e- a [-f@as 
- 2 m1 es ae (4) 


For the series (2) converges uniformly for t on C, and z 
in a circle K, center at a, lying within D, and containing 


ae 


Ee Wien © 
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only points of D in its interior. We may therefore multiply 
each of its terms by f(é)dt and integrate around C. The 
resulting series (4) converges for all z in K. We have there- 
fore the following theorem: 

TuHEoREM 3:* The function f(z) can be developed in a 
Taylor's series about each interior point a of D: 


f (2) = ao + a(z — a) + an(z — a)? + 
_f@dt __ Tay 


sat mJ (t— Gay ony 


where 


ay, 


In particular, a function holomorphic within a circle can 
be represented by a Taylor’s series which converges uni- 
formly in each closed region lying within the circle. More- 
over, a Taylor’s series which converges in a circle K, con- 
verges uniformly in each closed region interior to K, and 
represents a function which is holomorphic within K. 

5. THEoreM 4: If the functions f(z), ¢(z) are holomorphic 
in a region D, and tf f(z) = $(z) in a subregion D’ of D, then 
f(z) = (2) throughout D. 

The proof may be based on a familiar theorem in the 
analysis of point sets, namely, the Heine-Borel, or Borel- 
Lebesgue theorem: 

Let E be a closed set lying 1n the finite domain. [If all the 
points of E are enclosed in a family of open sets O, then the 
set E 1s contained in a finite number of the sets O. 

Suppose a is a point of D’. Let d be a point of D exterior 
to D’. Join a and dD by a Cantor continuum composed of 
points of D. Each point of this continuum will be the 
center of a family of concentric circles. The points of the 
continuum will be enclosed in a finite number of these 
circles, all lying within D. The continuum will then lie 
within the region G included within these circles. Inci- 
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dentally, this shows that two arbitrary points of a region 
can be joined by a Jordan curve lying within the region. - 

Construct within G a region formed by a family of equal 
circles Co, Ci,--+:Cy, where Cy has its center at a, the 
center of C;, lies within C;, and D is within Ci. By hypothe- 
sis, f= ¢in Co. Moreover, f = ¢in C;. For within a circle 
K concentric with C, and lying within Cy the functions f 
and ¢ are equal, and are therefore represented by the 
same Taylor development about the center of K. But 
since f and ¢ are holomorphic in C,, the series converges 
in C;. Hence the statement is proved. Proceeding in this 
way we obtain, finally, f = ¢ in C;, hence in b. 

The theorem is equivalent to the statement that if f, 
¢ are holomorphic in D,, D2, respectively, and if f = ¢ in 
a common subregion, then f = ¢ throughout the interior of 
the region common to D, and Dy. We say, then, that in 
the region D= D,+ D2 we have a unique function; the 
function f is an analytic continuation in D, of the function 
¢ defined in Do, and vice versa. 

6. THEoreEM 5: If the series 


y a,(x — a)” (5) 


converges for x = xo, 1t converges absolutely for all x such 
that |x —a\<|x)—a|, and converges uniformly in each 
closed region interior to the circle with center at a and radius 
|~o— al. If the series diverges for x = x, it diverges for all 
x such that |x — a|>|m— al. 

If, therefore, the series (5) converges for at least one 
xa and diverges for some x, there exists a positive num- 
ber r such that (5) converges absolutely for lx-—al<r, 
and uniformly in each closed region interior to the circle 
with center at a, radius 7, and diverges for |x — a|>r. 
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As to what happens when |x — a| = 7, no general state- 
ment can be made. The series may converge for all such 
values of x, or for none; it may converge for some such 
values, and diverge for others. The number r is called the 
radius of convergence, and the circle with center at a and 
radius r is called the circle of convergence. If the series 
converges for every value of x, that is, if r = 0, the series 
is said to define an integral function. We shall assume in 
what follows that the series converges for at least one value 
of x different from a, that is, r# 0. 

As a consequence of Theorem 4, we can say that if the 
functions f(x), ¢(x) are expanded into two Taylor’s series 
about the points a, b, respectively, where the circles of 
convergence Cj, C2 overlap, and if f= ¢ in the region 
common to C, and C,, we have a unique holomorphic 
function in the region included within the circles C; and 
C,. If we have n Taylor’s series with overlapping circles 
of convergence Ci, Cy,----, C,, with f, = f,41 in the region 
common to C, and C,1;, we have a unique holomorphic 
function in the region included within the circles C;, Co,----, 
Ci. 

7. Derrnition 1: Let 7, C denote, respectively, the ra- 
dius and the circle of convergence of the series (5). Suppose 
the points x and a can be joined by a Jordan curve L, and 
a sequence of overlapping circles of convergence C, Cj,-+--, 
C,, of the corresponding Taylor’s series for the functions 
f(x), fa(x),++++, f,(x), the circles having their centers on L, 
x being within C,, and f,,; =f, in the common part of 
C, and C,4;. Then the function f(x) defined by the series 
(5) is continued to the point x along the curve L. (Thus, 
beginning with (5), we have defined a holomorphic function 
in the extended region, containing the point x, by means 
of an analytic continuation with respect to the curve L.) 
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Then the point x is said to be regular for the function f(x) 
defined by (5), relative to the curve L. 

Let L’ be a second curve joining x and a. Consider a 
second sequence of Taylor’s series for the functions f(x), 
di(x),°***, m(x), these functions and their respective 
circles of convergence having the properties mentioned in 
the preceding paragraph. Then, in general, f,(x) ¥ n(%). 

DEFINITION 2: Consider all the curves L joining the 
points x and a, and having the property that if b is an 
arbitrary point of L different from x, then dD is regular for 
f(x) relative to that part of L from ato b. If x is regular 
for f(x) relative to every such curve L, then x is said to be 
regular for the function f(x). If, in addition, we have, for a 
regular point x, and for every pair of these curves, f,(*) = 
ém(x), then f(x) is uniform in the point x. If f,(x) = om(x) 
for every regular point x, and for every pair of such curves, 
the function f(x) is said to be uniform. 

DEFINITION 3: If there exists a curve L’ with the prop- 
erty stated in Definition 2, yet such that there is no se- 
quence of overlapping circles of convergence C, Cj,----, C,, 
centers on L, with fi4; =f, in the region common to 
Cy41 and C,, and x in C,, then the point x is singular for 
f(x), relative to L’. If this condition holds for every curve 
of the kind described in Definition 2, then x is a singular 
point of the function f(x). 

For the purposes of the subsequent investigations, it is con- 
venient to have a more general definition of a singular point. 

Derinition 4: A point x is singular for the function f(x) 
defined by the series (5) if there exists no curve from a 
to x such that there is a finite number of circles of conver- 
gence C, C,--+-, C,, with centers on the curve, and with 
f x4i= f, in the region common to Cy41 and C,, the point x 
lying within C,. 


a Nh dale i 
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We shall say that (r, 6), where r is infinite, represents a 
single point for all 6, called the point at infinity. Make the 


: 1 ; : 
transformation x’ = ~ the point x = oo is regular, or 


singular according as the point x’ = 0 is regular or singular, 
respectively, for the transformed function. 

Derinition 5: If every point of a region D bounded by 
a closed curve C is a singular point (in the sense of Defini- 
tion 4) for a uniform function defined by a Taylor’s series, 
then the curve C is called a cut for the function defined by 
the series. 

As a consequence of Definition 4, the region D of Defini- 
tion 5 is always simply connected. Moreover, if every 
point of a closed curve containing the point a in its interior 
is singular, so also is every point exterior to the curve. 

DeEFIniTIoNn 6: Let x be a point on the circle of conver- 
gence C of (5). Suppose a function ¢(x) is given by a Taylor 
development which converges in a circle C;. If x is within 
Ci, and if f(x) = ¢(«) in the region common to C and (Cj, 
the point x on C is called regular for the series (5). If there 
exists no such circle C,, such that f= ¢ in the common 
region, then x is singular for the series (5). 

This definition is equivalent to the previous definition of 
a regular [singular] point for the function defined by (5), 
relative to a curve joining a and x, the curve containing 
only interior points of C. 

If the point x, regular [singular] for the function defined 
by (5), is or is not on C, we shall call « regular [singular] 
for the series (5) whenever there is no ambiguity, as, for 
example, when f(«) is uniform. 

If the series (5) is such that for every point x of the plane 
the function f(x) is either regular and uniform in x, or 
singular in x, then we say that (5) defines an analytic 
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cigs . i, 
ae > 

————_— 


uniform function in the plane, and the set of regular points 
is called the region of regularity, or the region of existence 
of the function. That this set of points actually constitutes 
a region will be proved in the next chapter. 

At a given point, the function, if not uniform, may be 
regular for some curves, may have different values for 
different curves, or may be singular for certain curves. All 
three cases may occur for a point. 

Thus, given a Taylor’s series, and the notion of analytic 
continuation, we can characterize the behavior of the 
function in every point of the plane, by taking the con- 
tinuation along every curve from the point a to the point 
in question. This was the point of view of Meéray in 
France and Weierstrass in Germany. That is, the sequence 
of coeficients in a Taylor’s series about a point a gives the 
complete determination of a function, regular or singular in 
each point of the plane, relative to various curves. 

For example, a point xo on the circumference of C is a 
pole of order m for the series (5) if there exist m numbers 
Ay, Ax,:+++, Am (Am 0) such that on placing 


i=1 


m A; fora) 
PE eaeant = Yi balx — a), 


i Rane 3 RG ae Sila lle Se 


we have xo as a regular point for the series on the right-hand 
side of (6). 

If the point x is not on the circumference of C, and the 
function defined by the series (5) is uniform in all the plane, 
then x is a pole of order m of the function defined by the 


series (5) if xo is regular for the function defined by the 
series (6). 


vate Ba _ 
rts faye pial ‘ 


forthe series 
ieskpcagets 


; Sar n(x — “hs 


hte Wits 


where 
ples fore) 
ee. vg heel» 


that is, the convergence of the series (7) implies the con- 
vergence of the series on the right-hand side of (8) for all 
x 7 Xo. 

We can proceed to the general case for essential singulari- 
ties as above in the case of poles, ip replacing 


= 


E- ae = i by agen 


t=1 


___where (8) converges for all x # xo. 


oe 


II 
ELEMENTARY THEOREMS ON SINGULARITIES 


8. The point of view of Méray-Weierstrass mentioned in 
the preceding chapter is of the nature of an existence 
theorem: a unique function is defined by the sequence of 
coefficients in a Taylor’s series about a given point. This 
says nothing about the actual determination of the function, 
nor gives any information about its properties. Our pur- 
pose is, given the Taylor coefficients, to examine the be- 
havior of the function in the entire plane, particularly with 
reference to the nature and position of the singularities. 

THEOREM 1: The set of singularities of a uniform analytic 
function 15 closed. 

Without loss of generality we may take f(x) as given by 
Za,x". Let P be a limiting point of the set £ of singulari- 
ties of f(x). Suppose P is not a singular point. By defini- 
tion, there exists a function g(x) holomorphic in a simply 
connected region D, containing P and the circle of conver- 
gence C of 2a,x" in its interior, and equal to f(x) in C. Hence 
we can construct a circle C, having its center at P, and 
lying within D,, such that f(x) has no singularities within 
C;. Consequently P is not a limiting point of E. 

For the sense of this theorem it is not necessary to con- 
sider the point at infinity as a limiting point of an un- 
bounded set; the theorem remains valid, however, if this 
interpretation is chosen. 

If a series converges for all finite x, the problem of locat- 
ing the singularities ceases to exist. We shall always assume 


that the radius of convergence is finite. 
236 
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THEOREM 2: There exists at least one singular point on 
the circle of convergence. 

Suppose every point on C is regular. Then each point on 
C can be made the center of a circle C; in which there 
exists a function g(x), holomorphic in C,, and equal to 
f(x) in the region common to C and C;. By the Borel- 
Lebesgue theorem, there is a finite number of such circles, 
each point on C being interior to at least one of them. 
Hence we can find an annular region D, containing C in its 
interior, and in which f(x) is regular. It is then possible 
to construct a circle C2, concentric with C and of larger 
radius, such that the circumference of Cz, lies within D. 
Then f(x) converges within C2, which is a contradiction. 

Thus the radius 7 of C is the distance from the origin 
(or the point a if the function is developed about x = a) 
to at least one singular point. In order to determine r 
when the sequence of coefficients is given we introduce the 
concept of the superior limit.1 

9. DerFriniTt1on: Given a bounded sequence of real num- 
bers {a,}. We say that 4 is the superior limit of the 
sequence: im 

A= lima, 
no 
if, for an arbitrary e> 0, there exists a number m such that 
a,< Ate n>m, 
and if there is an infinity of values of » for which 
a,> A—e. 
If the sequence is unbounded positively, we define 


lim a, = + 0. 


no 


1 This notion was introduced by Du Bois Reymond. 
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THEeorEM 3: The radius of convergence is the value r 


given by 
mee iL 1 
lim V| a, | = oe 


Consider the series =a,x". Assuming that 4 is finite, not 
zero, we shall prove that the series converges for 


1 
Mee ict Ai+te 


where e> 0 is arbitrary. 
There exists, by definition, a number m such that 


vial < 4(1 + §) n= mM. 


Then, for any x which satisfies (1), we have 


(1) 


The series 


is therefore dominated by the convergent geometric series 


es) 
yr, 
n=m 


and converges. 
We show next that the series diverges for 


|x| > *. 


We have, for infinitely many values of n, 


Te Ca 


ee ee ee Re eT ee 
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For these values of n, 


Hence the terms of the series do not approach zero, and the 
series diverges. 

This is known as the Cauchy-Hadamard theorem. 

If limV|a,| = 0, the series converges for all x. If 


nc 


n 
lim ‘V |a,| = 0, the series converges only for x =0. Ex- 


no 


cept when the contrary is stated, it will be assumed here- 
after that r= 1. For the transformation z = rx replaces a 
circle of radius 7 in the z-plane by a circle of radius 1 in 
the x-plane. 

10. Denote by A,a, the nth difference of the sequence 


{an}, viz., 
A,d = a, — Chant i paid dee (- 1)", 


where C* is coefficient of the (k + 1)-th term in the expan- 

sion of (a+b). We may state here a theorem which is 

merely a particular case of one to be proved later. 
THEOREM 4:1! Given the series Da,x". Let 


lim V | A,,a1| 3K. 


nO 


Then at least one of the two points on the circle of convergence 
2 


C with the angle cos-(1 ~ =) is singular, provided the func- 


tion defined by the series has all its singularities on C and is 
accordingly regular at «. 


IMandelbrojt, La recherche des points singuliers d’une fonction analytique, Jour. 
de Liouville, ser. 9, t. 5 (1926), p. 197. 


Berane oot eat te singularities. . 
Tueorem 5 (Hadamard): Jf a,>0 We all 


point 1 is singular. 
Let b be an arbitrary point = din C: 


0< |b = p< il, 
b = pe. 


If the point ¢’* on C is regular, there will exist a circle Gi, 


a 


center at b, containing e”* in its interior, such that the series _ 


Yb, (x — b)r ~ 
n=0 
defines a function which is equal to 
f(x) = Laur 


within the region common to C and (, and which con- 
verges in C;. Hence the radius 7; of C, exceeds 1 — p. But 
in any case, whether e“* is regular or not, we have - 


n=il—p, 


the lower sign holding if e’* is singular. Conversely, if 
= 1-—p, then e¢* is singular. Thus a necessary and 
sufficient condition that e* be singular is that 
r= 1 — p- 


1 Hadamard-Mandelbrojt, La série de Taylor, Scientia, 41, 2d edition, Paris 
(1926), ch. 2. 


; 
{ 


- 
4 
‘4 
b. 
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Since ¢* must be singular for at least one value of d, 
say $= ¢:, in the interval 0< ¢< 2 7x, the above equality 
is verified for ¢ = ¢;. Let b, denote the point corresponding 
to ¢:, and let b, denote the corresponding coefficients. 


Then 


lim V| 2 [> lim V2, | (1) 


for every sequence of coefficients b, corresponding to a 


__ value of ¢ for which ¢® is regular. But 


(n) 
b, =), 
and : 
f(b) = alas + (nt 1) Vaguab tee 
+m)! 2 
ot Se +++++(2) 


Since the a; are positive, the absolute value of (2) is a 
maximum if bd is real and positive. Hence (1) is not true. 
This means that ¢ = 0 is a singular point. 

In a later chapter, we shall investigate the nature and 
position of the singularities, given either the function itself, 
or certain properties of the sequence of coefficients. 


III 


THEOREMS ‘OF HADAMARD AND HURWITZ ON 
THE COMPOSITION OF SINGULARITIES 


12. In order to obtain general theorems relative to the — 


singularities of Taylor’s series it is necessary to be able to 
proceed from theorems in which the hypotheses on the 
coefficients are comparatively simple (as, for example, in 
Faber’s theorem, Chapter VIII) to more complicated cases 
by means. of ‘“‘theorems of composition.”’ The problem is 
this: Given two series whose singularities are known, to 
determine the singularities of series obtained by combining 
the two given series in various ways. Two theorems of the 
kind described are those of Hadamard and Hurwitz. 

The theorem of Hadamard? is the following: 

THEOREM 1: Given the series 


n 


Zax, lim\[a,] = |, (1) 
fen", lim | b,, | on ” (2) 


representing the uniform functions f(x), p(x), respectively. If 
y 15 a singularity of the function defined by 


Lia,b,.x", (3) 


then there exists a singularity a of (1), and a singularity B of 
(2), such that y = af. 


1 Acta Math., t. xxii (1898), p. 55. 
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13. In order to follow easily the method of proof, suppose 
first that f(«) has only isolated singularities «,, and that 
¢(x) has one and only one singularity 6. For convenience, 


_ suppose that the a; are ordered according to increasing 


absolute values: |o|< |a2|<---- 
With the origin as center, construct a circle Cp of radius R 


_ such that no a; is on the circumference, R being otherwise 


arbitrary. 


a Suppose Cp contains a, a2,:--+, a, Make a, i< k, the 


center of a small circle C; having no point in common with 
C; or Cg. Join the circumference of each C; with Cr by a 
(Jordan) curve /; in such a way that /; does not pass through 
the origin, and has no point in common with J; or C). 
Denote by C the boundary of the simply connected region 
thus obtained. 

Construct a curve Cz by multiplying each x of C by 8. 
Then C;, is similar to C. The circles C; are carried into the 
circles C;s with centers aj, 1= 1, 2,---+, k; the curves J; 
are carried into curves lj. Denote by Cgg the circle into 
which Cp is carried. 

The function 


FG) = 73) foe) 


is holomorphic within Cg. For if x is on C, ag: 6B. More- 


: : BV ; : 
over, f(x) is regular on C. Since (5) is continuous in z 
and x, where z is within C,, F(z) is continuous. Finally, 
(=) has a continuous partial derivative with respect to z. 
x 


Hence F’(z) exists for z within C,, and F(z) 1s accordingly 


holomorphic. 
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With center at the origin and radius 7’ construct a small 
circle C’ lying entirely within the region bounded by C. 
Take z, fixed, interior to C, and also interior to the circle C’,: 


|z| = r’|él. 


f(x) (2); 


is holomorphic at all points of C’ and all points of the , 
open region bounded by C’ and C; in fact for all such points 


% cll 


By ie 


Jnoe(JE- [roe 
42)- Bee 


where the series is absolutely and uniformly convergent in 
x for x on C’, from the above inequality. Since the same is 
true of the series for f(x), we can evaluate the right hand 
member directly: 


|(Zaw \(Xe, ae | a Y apbysrat "de 


n=1 


= ri Yay oe 


That is, F(z) is the function defined by (3). But we 
have seen that F(z) is holomorphic within C;. Moreover, 
the circles C; can be made arbitrarily small, and Cp ar- 
bitrarily large. The same is therefore true for Ci and Cres 
respectively, Finally, the curves lj, are arbitrary, since the 


Then the function 


Hence 


Moreover 
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I; are arbitrary. Consequently F(z) is regular except per- 
haps at the points a,8. The conclusion of the theorem is 
therefore valid for this case. 

14. For the general case, let C,, containing but not pass- 
ing through O, be the boundary of an open simply-connected 


region D which lies within the region of regularity of f(x). 


Denote by E£ the set of singularities of ¢(x). Then E is a 
closed set. Multiply each point of CD (the set comple- 
mentary to D) by each point of £. Denote by E the result- 
ing set. Then Fis closed. The function 


Fe) = J sere) 


is regular for z in CE. 

Remark. If D is chosen so that it contains in its interior 
a circle with center at the origin and radius r’< 7, the set 
CE contains at least the interior points of the circle with 
center at the origin and radius 7’. Since CE is not a null 
set, and is open, it is a region. 

Denote by £, the set of singularities of f(x); £, is closed. 
Multiply each point of E by each point of £,, obtaining a 
set P. Since £, is closed, it is clear that if z is in CP we 
may choose the region D in such a way that z is in CE. 

Hence f(z) is regular in CP, that is, the function 


F(x) = Yeanbnx” 


is regular at every point except perhaps at the points y 
of the form y = af. 

The proof just given includes the first case. The truth 
of the theorem depends on the extended definition of a 
singular point.’ 


1In this connection, see Montel, Séries de Polynomes, Paris (1910), p. 33. 
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15. Tueorem 2 (Hurwitz?): Given two uniform functions 
f(x), ¢(x), both regular at infinity: 


f(x) = Zs i 


co b,, 
o(x) = x ye’ 


with radit of convergence r, "1, respectively. If y 15 a singu- 
larity of 
0 Cn 

where Cn = Aodn + Clayb,1 ++++-+ anbo, then there exists a 
singularity a of f(x), and a singularity B of $(x) such that 
y= a+ B. 

The proof is analogous to that of Hadamard’s theorem. 
Corresponding to the set E will be the set E’ composed of 


all possible sums of points of £ and points of CD, where D 
is chosen as before. The function 


Foye zai |S) #6 2)de 


is regular in CE’, hence in CP, where P is the set consisting 
of all possible sums of points of E and points of Fy. 


By analogy, suppose now that | z| > r’+ 7, where r’> r. 
Then 


F(@) = 54; |) o@ — a)de, (4) 


Cy 


1 Comptes Rendus, t. 128 (1899), p. 350. 


- fed 4to>4 ee a 


‘ 5S [oe Bea. 
Cpa a 


Ores 


dx” 


q j : Cyt j 4 


7 he seerenrt (a tem) 1, ot. 


gntntl : 


a Oo Oe sore tip ayes) kaw “eee 
q FQ) =X abe a ee 


nen™ m+n 


= x x a,b,C” . g~mrntb (5) 


% 1 
= Yi (aaby + Chaiby ites abo) are? 
’ n=0 


since (5) converges absolutely. But the only singularities of 
F(z) are of the form a+ 8, and the theorem is proved. 
q Theorems complementary to the foregoing will be treated 


in Chapter X. 


IV 
MEROMORPHIC FUNCTIONS * 


16. If, in a region D, the function f(x) defined by the 
series Da,x" can be represented as 


F(*) = fi@) + fol), 


where f;(x) has only poles in the finite plane, and f(x) is 
regular in D, then f(x) is said to be meromorphic in D. 

A series having only poles as singularities on its circle 
of convergence is said to be meromorphic on the circle of 
convergence. 

We shall obtain necessary and sufficient conditions, due 
to Hadamard, that a series be meromorphic on the circle 
of convergence. 

Denote by D,,,, the symmetric determinant 


a, Ant ae Pa Antm 
Anti 

’ 
Ant+m ee ee eeee An+2m 


where the a, are the coefficients of the series Sa,x. If Ris 
the radius of convergence, then 


n 
— 1 
lim V| D,m |< reve (1) 
nc 

The proof of this statement depends on two lemmas 
which we proceed to establish. 

1 For the theorems in this chapter, see Hadamard, Journal de Liouville, ser. 4, 
t. 8 (1892), p. 101. 

248 
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Lemma 1: Given k sequences of positive numbers, 
@) 0@ k 
@ o... g®, 


On» An» 
Then 
lim| ePa®.---a® ] < lim a lim o®---- lim a, 
no (oe Ae 2) no nD 
Let lim a = p, i= 1,2,--+-,k. By definition there 
no 


exists a number 1p such that, for n> 7, we have 
a? < Py (1 + es 
1 2 iB) ¢ 
Oy ct =. <a pip2:* ++ pxy(1 + e)*, ¢ meals 2, aes. 


For an arbitrary »> 0, we may choose ¢ so small that 
(1+6¢)* <1+ 7% Then 


ae)... gH < [ lim a lim a® +--+ lim af an |(t tne 
no no lr 
and therefore 
lim| aa? - ai] < lim a lim 2 ---lim a). 
nC nO nro ND 


A consequence of this lemma is that, for an arbitrary 
positive integer m, 


n 
lim a] Aa, Fa, 


Ic 


1 
*"Gamsy | <S russe 


where a; = + 1, 1; being a fixed number depending on 7, 
and such that 0 <1; < 2m. The inequality holds for each 
value of 7. 

In fact, for a given 1, 


— n soa n+iy 
lim | Anti; | = lim | Inti; F 
nO no 
since 


1 1 aia 
lim | Anti; | ee im {| Anti; | igh 


no Nn 0 


ale 


lim | Anti; | . 
n— co 
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Hence : 

lig Mews] =i Wael = 
so that for a given m, 


1 


n 
lim a] Aq, Ga," ao *Demsy | < Ra 


Lemma 2: Given p Taylor’s series, with coefficients 
He Bn ere Pots D A 
respectively, If 


lim V | i Sei = k= 4525>' “a Ps 
n—> 00 Pk 
then 
me (1) (2) (p) 1 
lim Vj A@ + A@+----+ AP |< = 
n— 00 p 
where p 1s the smallest of the numbers p,. 
The series 
Le Ae xn 
converges for | x | < p,, hence for |x| <p. The series 
> [AD 4 A® 40.2.4 AP gen 


has, therefore, a radius of convergence R which is at least 
as great as p: 
n 
lim Vj 4 + A+. ek A®.| = Lo 1 
N00 R p 
Let us write D,,,, in the form 


Dem = AD + ADM eee Amr 


where each term is of the form 


: % ae *omsy* 


ee eee ee Se ee 


oy eS 
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Then, as a consequence of the lemmas, we have, for every m, 


Jim Va? < oo k= 1, ES, (m + 1) I, 
and 


lim \[D ne < ai 


17. TuEorem 1: Jf a series has, on the circle of conver- 
gence, p poles and no other singularities, then 


1 


Jim N| Dawe |< jae 


By hypothesis there exists a polynomial P,(«) = 1+ Ay 
+--++++ 4,x? such that the series 


Dube” = (1+ Aye ++++-+ Ax?) Dann, 
Disp = Ay+p Ze Ay ayy pt po ane Argiits (2) 


has a radius of convergence R; which exceeds R. The con- 
stant term of P,(x) has been taken as 1, since by hypothesis 
the given series is regular at the origin. By means of the 
relation (2), the determinant D,,,, reduces to 


An gts pay ernie ee 


CL 3 ee ae 
Denote by A,,; the minor of 5, ,;. Then 
2p 
D0= Se ae (— ig aa 7 Dre Duss 
i=p 


Noting that A,,; is a determinant of order ~, we obtain 


n> oO 


= heer, 1 
lim VI Ane |S R 
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in the same way as for (1). Moreover, we have, by the 
choice of P,(x), 


lim \| b,| = = 


Hence, finally, 
k ene < 1 
lim | Dao | S e R < per 

Coro.iary: The preceding inequality holds 1f p is replaced 
by any m> p. 

18. THrorem 2: If there exists an integer m such that 

)- Uin\foeet= 7 

and 


= 1 
11) lim vi De ea < per? 


then, for that m, 
lim | Der => ee 


We wish to show that given e> 0, no matter how small, 
there exists a number 7p such that 


e5 eee Cy) for n >n9- 


Consider the determinant 
a 


An} ay cone Gnim—1 
a a Scisheua a 

Dex m= ‘ “ai = 
Aa cect Sb oe eqiegisl¢ Gntom—1 


Among the minors Dy41,m—1) Dpot,m—1» Dn,m—1 of this de- 
terminant we have the relation 


2 
Dati ee Dita ca 18 aoe = y BE es Dance (3) 


1 Bécher: Introduction to Higher Algebra, New York (1907), p. 33. 
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Here the m is of course fixed. We shall first use the iden- 
tity (3) to show that for n large enough we can obtain an 
inequality of the form 


1 — j2n 
| |» ale | Beppe: < gs | ’ (4) 
| tee 


2 
where, by taking e small enough the & will be a positive 
constant <1. For purpose we introduce temporarily 
quantities ¢’, ¢’’, »’, 7”, all of which may be made arbitrarily 
small with 7 large se e small enough. Indeed, we may 

take « as small as we like. 

In fact, given e’, we have from ii), by taking n large 

enough, 1159 hpast 

Rims oleh a | > 

RR 

and since | Daiim—2| < [(1+ ¢”)/R™"]""" for n large 


enough, we have es 
(1 + ey as (1 + eo)" 
[Demiim Dati m2) a ponot pineal oT 


RPV 2n 
<= 2n rod 
3 Rae fi 
R’ 2n 


very. ae 
where 1+ 7/>(1 + ¢’)2) (1 + ¢/)2 7%, 


Gee 11 2n 1 1 
<| Seieten | | where 1+ 9 >R*R™(1-+ 7’), 


beget 
ae 1 > € Qn 
R 1 a 

- R’ R € 


2n 


ll 


— [-—= 
R 21-—e ; nee LHI 
Qt Ng er SE |where t= FE 
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By writing then k = (1+ ove, a =(1 - \/Re the desired 


inequality is proved. 
From (3) and (4), for all sufficiently large, we have 
therefore the inequality 


2 1—ey* 
(Deer geo Dest Dajmi | = be | . (5) 
ee: 

Given «, no matter how small, there will be infinitely 
many 1 for which | Dj, m-1| >a", by i). If this is true 
for all n, n sufficiently large, the theorem is proved; other- 
wise there will be an e, and it may be taken as small as we 
please, for which there will be a D,,,m-1 exceeding a” in 
absolute value, preceded by a D,,-1,m-1 Which in absolute 
value is at most as great as a”, and this for mp arbitrarily 
large. 


But from (5), taking 1 = mo, we have 


Dae ae 


De m—1 


| eet ene 
< |! ae pie 
€ 
Pa 
(Dae Re FS 
Des 


Since, however, | Dam-1| > a”, Dos ees | <a this 
inequality gives the following: 


| Died ene ete Le k)*", (6) 


and for the same reason also the following: 


D4 ee metet 1s 
oer ai 
DS. m—1 


Hence we have 


>1— Fe 


Dee 


Diet ; a ke). (7) 


olding for 1 i 1, sate 1 is neteae eietideal No 1S 
hiciently gs These inequalities are the following: 


lang {i - km] {1 — pret Det [1 ae BD. (8) ee 


ss m-1 re ee kl fae 
| [1 — R2t-1] (9) 


nott t mee 5 
| pe ares poe | >a an } (10) 


and we shall prove them by mathematical induction. They 
hold for i = 1; if they hold for 2, we shall prove that they 
. hold for i+ 1. 
If we apply (10), in the form 
4 — eet 
4 | Daetism—1| > a—=[ > 


€ 
: a2 
to (5), we have 
be ert 
. é 
ia 
; Pattee et SY m—1 Sy 1 é 2 
Teese 2(no-+?) 
Dri, m—1 * 
€ 
re 
‘ = prot) | 
; 


Ne ee ey 
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Consequently 
Dies m—1 Droti-1, m—1 2(no+i) 
feta ses hacammereste| bi {27 TEER 

Did net 

and 
Drotitt,m=1 Diaimd 1 froth 
Dieu a 
Dae m—1 noti—1,m—1 


But this applied to (8) yields immediately the corresponding 
inequality for 1+ 1, namely, 


Ductittimll Sg fy — pm... ft — Beet], (11) 


DD) einet 
and if we multiply this inequality by (9), we obtain the 
second inequality for (7 + 1): 
| Dior ast | a rei SF [1 ae aed ee [1 oR eines £4 § (12) 
The inequality (10) for 7 + 1 is an immediate consequence 
of (11) and (12). In fact, from (12), o 
qwrt 


V | Dawe | 


a 
t+1 t 1 
> [1 — bem protitt [1 — RV] notitt. . [1 — Rb) noi 
= [1 uA, er [1 S Reeth). =i -{1 a preety} 
> 1 ae hee oe p2(ro+1) ee ah ete Rrtorts) 


p?ne 
1K, 


>1- 


If then, finally, we take mo great enough so that 


pro € 
Pe 
the inequality (10) will be established as a consequence of 
(8) and (9), whatever the value of 7. 
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The inequality (10) is the one sought. In fact, replacing 
a by its value, a = (1 _ Ayre we have 


1—e]” ; 
ig 5 pete ye [ Rm | » n> N0y 
__ which is what we wished to prove. 
It is natural to say that if @ is the unique limit of the 
sequence {a,}: 


lim a, = a, 
n— co 


the sequence converges regularly to a. This terminology is 
due to Hadamard. 

19. THEorEm 3: Under the hypotheses of Theorem 2, the 
Series has on the circle of convergence exactly m poles and no 
other singularities. 

In the first place, suppose that the series, having only 
poles on the circle of convergence, has m — r poles, r being a 
positive integer. Then, by the corollary to Theorem 1, 


n 
— 1 
lim Vi Dr(m—r) 40-1) | o Rome DH 


no 


that is Say ae Oo Oe 
lim V| Dimi < 


no 


1 
—— 2 
R 
which contradicts hypothesis 1). 
We seek next to determine a polynomial of degree m, 


Pile) Sb As, An #0, 
i=1 


such that the series representing the function 
o(x) = Prlx)f(x) = Li bax, 
where, except for a finite number of terms 
Pile Onan + Gti’ ++ dads 


converges in a circle of radius greater than R. 
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We have, by Theorem 2, 


lin V1 Daw ale 


n—0 R 


so that D,,m-1 is not zero for n =». Consequently there 
exist sets of numbers 4, 4%, ---, 4™ which satisfy sys- 
tems of equations of the form 


( 
an+m + Pray, FZ] re GAs” + a er “+ a,A™ = 0, 
= 0, 


Qnt+m+1 as On4m4\” af pete st Anti Ae (14) 
an+2m-1 + An+2m—244{” Sk “t Antm—14m = 0. 
By means of the substitution 
1 
3”) = Agrh = A®, h= 5 a ee i, =n, Nort) < aya 
the system of equations becomes 
5” oh 5”) Rh ye 5”) =a) 
An+-m 1 An+tm—1 2 + = An+1 1 eS 
Antm41 0 fees + 4,425. = 0, 
Steet tee (15) 
an+2m—2 a 2 cham + an+m—1 5”) = 0, 
Bnt2m—101 +++ + Gntmim? = — Haim, 
where 


c n+m “fe An+2m “Ie Avon At” ob ave a i Bed = 0. (16) 
Eliminating 4)”,----, 4® from (14) and (16), we obtain 


Dam 


ds toms = D 
n,m—1 


> 


and from (15), 
Dre H 


(mn) _ 
uA = n+m 


n+1,m—1 


h 
ia wes Das e 


Ds m—1 Dass, m—1 


4 
-_ 
4 
ie 
= 
7 
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where D., »-2 is a determinant with m — 1 rows, composed 
of the coefficients of the given series. It follows that 


1+ «\" 
- te) 
for n sufficiently large. Then, since 


lim Ni pe | a = 


no 


4 Lege 1 
Jim iD m oT < pat? 


there must exist an integer n’, independent of h, such that 


for n = n’ we shall have 
1+ ) 
. Ge , 


DS n+1,m—2 


and 


Din 


Prins > ( Ro ‘y 
il 54 n 

Dare > ( Rm y. 
D” 1 + €\" 
n+1,m—2 < Rm p) 


Accordingly, for n 2 n’, 


11 < [C2] - [aso]: 


and we shall suppose that ¢ is so small that the quantity 


ic,2] 
in brackets is <1. Then the series )y 6{” converges. 


n=no 
Let 4, = lim 4™, h=1, 2,----,m. This limit exists, 
N— co 
since mee 
FY (i) = A‘ (no-+-k) — ew 
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We now show that the series =}, x” for ¢(x) converges in 
a circle of radius greater than R. We have 


|.4,- ager wae | y 5{? | 
j=no+k 
ce) j 
=), [a + 7) * | 5 
j=no+k 


and 


Dum = Onsm—1 (41 — Ar™) + dnim—2 (42 — 42) +-+0-+ 
a, (Ain, ac A): 


since Dips — atm = Moe td seek And ms 
and Antm = — Anam iA —+++-— a,A. 


The inequality shows that 


‘Kieee n R 
nm VA AP] <p t+ 9). 


Consequently 


im’ ee a 
no Vi he ee = (1 Tr aes R <® 


and the proof is complete. 


Vv 
LACUNARY SERIES! 


20. Consider an increasing sequence of positive integers 
{An}. Denote by {2’,} the increasing sequence consisting 
of the positive integers not contained in {\,}. Both se- 
quences are assumed to be infinite. The zero coefficients in 
the series 


Dia, 0 Qo car”, (1) 
where 
{ a, when m = d,, 
ene. SCs Aiba Nae 


are called lacunae, and a series of the form (1) is a lacunary 
series. Weierstrass first, and later Fredholm, gave examples 
of such series, in which the circle of convergence is a cut. 

It is natural to inquire whether the presence of an infinity 
of lacunae, distributed according to a definite law, is a 
characteristic property which may supply information rela- 
tive to the singularities of the function represented by the 
series. 

The number and, to some extent, the types of singular 
points of a function are invariant with respect to differ- 
entiation and integration. Any property of the coefficients 
from which conclusions may be reached relative to singu- 
larities should therefore be of an invariant character with 
respect to these operations. 

The simplest of such properties is given by the lacunae 
and their distribution (to within a translation). 


1 Mandelbrojt: Ann. de V’Ecole Norm. Sup., t. 20 (1923), p. 413. 
261 


rahe has tore ‘that the conclusion A olde if 3 
_ placed by 


lim cae — Xn) sere , 


a condition which is ‘implied by (3). These theorems will — 
be considered in Chapter XII. In this chapter we ol 
study lacunary series from a different point of view. 

21. THEoreM 2: If © } - 


im Qu4i— My) = 20 (5) 


the series (1) has on the circle of convergence at least one 
singularity which is not a pole. . ! 
Lemna: If ot 
lim Quga — 4) > K, 6) 


where K 15 a positive integer, and if the series (1) has only 
poles on the circle of convergence, the number of poles is at 
least K +1. 

The requirement (6) is equivalent to the statement that 
we can extract a partial sequence {\n;}, 1 = 1, 2,--++, such 
that 

ape ener tease Peal guaget os 


Suppose the lemma false, i.e., we assume that the series, 
having only poles on the circle of convergence, has 


1 Joc. cit., p. 116. 


Crt Kr eee 


“A im Dao] = Kin [ol= + (8) 


_ Let K" denote the largest integer such that, for p=0, 
1, 2,----, K”, we have Ps 


Jim \[D pak a 


Eo The existence of K” follows from (7) and (8); moreover, 
 O< K"< K’. And since 


E 

—— 1 
lim ‘V| D,. cea | << =? 
as r, K"+1 | Ri? 


we have, by Theorem 2, ae IV, 
4 Jim VI D,, x+| = or fOr SK, 
: 


i 


which is a contradiction. For in the determinant 


| Anj+1 cae Cdn; +K" +1 
ee em ee 
4 OAnj+K'+1°° °° dn; +142K" 


: all sre elements of the first row belong to the sequence 
, since 


Ne re LS > 4 Ss KU+ i. 


Hence Da,.41,5- = 0 for all 7. 


Tote he DY ee. 


it follows that, for i sufficiently large, 
BBY Soe oe eS arbitrary. 


* As we have just seen, the Pnction must tarekare hz 
for each K, at least K + 1 poles, and consequently the poles 


are infinite in number. This being impossible, there is at E 
least one singularity other than a pole on the circle of con- : 


vergence. os 
22. THEorEM 3: It 1s he to construct a series — 


ay x ny for which 


and which has only one singularity in the entire plane. 

In order to prove this, we state without proof two theo- 
rems on which the demonstration is based. 

THeoreM 4 (Leau): Given an integral function g(z) of 


order <6< 1, ie., | g(z) |< e** for r>7, r= ||; then the 


function 


f(x) = Zg(n) xn 


has the point 1 as its only singularity, and is accordingly 


regular at infinity.) 
THEOREM 5: Given a sequence {a,} such that is Te con- 


verges. It 1s possible to construct an integral om of order 
< 6, having the a, as zeros, and no others.? 


1See Chapter VIII. * Borel: Fonctions entiéres, 2d ed. (1921), p. 56. 


Tim Qu = %s) = 25 h Qa 


D 
mr] 


Met arg hehe min “not y 


ch of these series, being nomen ee we series 


a™ 


is convergent. 


pa Let: eye ee 
aa Coe pay =I ; Bie re bgdhs z ot 
pred : : 


be a convergent series of positive terms. For each m, 
- choose 7,, such that 


Lora 


n=lm 
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Let tm = 1’? +m, n= Mm. The series 


3 Then 


fo 


is absolutely convergent. Sum this series by taking the 


ae , : 1 
terms in the order of decreasing magnitude: i Tres 
1 2 


Ce he eee 

Nae 
Ms 
& | 


(In case two or more terms are equal, we remove all except 
one of them.) Then the series 


2 fi 


ei 


converges. By Theorem 5, we can construct an integral 
_ function g(z), of order < 5, having the U; as zeros, and no 
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others. Hence, by Theorem 4, the series 
Vig(n)x" 
n=0 


has the point 1 as its only singularity. We write 
Le(n)xr = Yd x, (10) 
n=0 n=0 


and show that the sequence {X,} has the property (5). 
Let i be an arbitrary integer. Corresponding to each 1 
choose an integer p; such that 


Pe> Noy My??? *y Nye 


The zeros U,, being of the form n* + m, n = n,», are given 


by 
p, ee + 1,<* penis ee t+ 1. 


For if m< i, n takes on the values 1,,, ”,, + 1,---+, thus 
including n = p;. Hence, for 7 = 0, 1, 2,----, we have 
g(po) = 0 


g(r) sot 40 . + =! (11) 


4(p2) = 0, sie 0. ++, g(p2+ 7) = 0 


The integers in (11) are the »’, of the series (10). Select 
a partial sequence {,,} as follows: Let 2, = po? — 1, 
An, = Pi’ — 1, An= Pi’ + 2, and so on; let d,, be the last 
subscript before 9,7 which is not a zero of g(n) and let 
Anti be the first subscript after p,? + 7 which is not a zero 
of g(n). 

With the X,, so chosen, we have 


lim Orntt eo Xn,) a SC 
i000 


a a as 
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In the case just considered, since the singularity is not a 
pole, and is unique, it cannot be a branch point, and must 
be an essential singularity. 

Faber ' has given an example of a series for which 


~ and the function defined by the series has only the point 1 


on the circle of convergence as a singularity, but has the 
lemniscate 

| x(«@—1)|=2 
as a cut. 

The theorem just proved shows that properties (4) and 
(5) are entirely distinct, since a consequence of (4) is that 
the circle of convergence is a cut. We also note that the 
condition (5) gives no information relative either to the 
number or the position of the singularities of a function. 
In fact, if & is an arbitrary positive integer, we can form a 
series La,x" having exactly & singularities, arbitrarily situ- 
ated, in the entire plane. For if we let 

een! 1 
a aOle er ees si) 
where the g() is as before, and the §; are arbitrary, but 
distinct, then the function defined by 


co co 
Yaw = Soa 
n=0 n=0 


has $i, B2,°***, Be as essential singularities. On the other 
hand, the sequence {,} satisfies (5), since a,x” is the sum 
of k series, all of which have the same lacunae. 

As Montel 2 has remarked, the author’s theorems show 
that the “magnitude” of the lacunae give information 


1 Sitzungsberichte de l’Ac. de Baviére, t. 36 (1906). 
2 Comptes Rendus, 27 mai, 1925. 
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about the nature of the singularities, whereas their arith- 
metical distribution affects the number of singularities. By 
the magnitude of a lacuna of subscript n; is meant the 
integer k such that 


Dy =U, Dy, +2 = 0,-+--, Dry +k =), 
Dn, * 0, A, +k * 0. 


23. The following theorem is a generalization of one of 
the author’s theorems. It is a theorem of Ostrowski‘; a 
part of the proof is due to Tchebotareff. 

TueoremM 6: If the series (1) has the property that 


lim On41 - 2S) = 0, (12) 
no \ 


where p 15 a positive integer, or zero, then the function defined 
by the series cannot be represented as 


(x) 
i 
[P(«) ]>+i 
where P is a polynomial, and the radius of convergence of the 


series for o(x) exceeds that of (1). 
If » = 0, the theorem states that 


(x) 
f(x) # P(x)’ 


which is Theorem 2; the function f(x) cannot have poles 
exclusively on its circle of convergence. 


By hypothesis there exists a partial sequence {)n,} for 
which 
lim Qn 41 + 2? rn.) = on (13) 


1 Jahresbuch der deutschen Math.-Verein., Bd. 35 (1926), 9-21 Heft, p. 269. 
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® 
Suppose the theorem false. If P(x) has zeros elsewhere 
as well as on the circle of convergence of (1) we can write 


3 9) Gila) 
IO) = Baga ~ [PA)Ies 


where the radius of convergence of the series for ¢1(x) 


__ exceeds that of (1), and where the roots of P;(x) are situ- 
ated only on the circle of convergence of (1). 


Case 1. We assume that there is at least one zero, a, of 
P for which ¢;(a) ¥ 0. 
Lemma: Given 


co foe) 
fia) = Vieix = Yi cnx, 
n=0 


fila) = 3 by xin = S dnX", 
n=0 n=0 
both series satisfying the requirement (13). Then 


oO oO 
fix) fo(x) G » Lunt” = >: Rak", 
n=0 n=0 
where 
lim (ungi— 2?-"Hn) = 0. 
no : 
As before, let {2/,} be the sequence complementary to 
{r,}. Then c= dy,= 0. Let {m,} denote an increasing 
sequence of positive integers. From (13), we have, for each 


sia ese 
Antic 2°An, + Mj, 1 >t 


Then every integer / such that A,,</ < 2?A,, + m; be- 
longs to {)’,}. Hence 


ex, ta = 0, Oy b2 = Dyess Cohn, = 0, C2h, +1 = 0, CaP An tm; = 0,(14) 


with a similar set of equations for the d’s. 
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Now kn mes Cado + Cah +. ae “+ Codns 


which may be written 
b= (AEs * i eee cod a 
aw 
when 1 is even, and 


= Vase ae foe a\ Lewy siete dn 
kn = Cndo + Caidi + + eye (2) “ en) 4s] -- a 7 ee 


when 7 is odd. The symbol @) denotes the largest integer 


less than > and [5 the smallest integer greater than 5 


From (15) and (16), it follows that if we place, con- 


secutively, 
n=2 An; + t; 
cae i> is (17) 


n = 2?dny + Mj 


all the corresponding k, vanish. For in (15) all the c, pre- 
ceding and including c, vanish, by (14), and in the remain- 


2 
ing terms the d, vanish. Similarly for (16). Hence all the 
integers 
2 An, + : 2 Any + Byers Vp Wir mM; 
belong to the sequence {y’,} complementary to {u,}. 
If we let 

2 An, = bn» 2? hn, + mM; + 1= Bn;+19 
we have 

Aint = outta oO ie ae ™m; a 1 — Kn;+1> 
and consequently 

Ka;+1 — aS hae m;. 


Since this inequality holds for all 7, we have the con- 
clusion stated in the lemma. 


| es Denote’ by 2, ee sequences . 
a ae 2 yy tt 3 oF oe 


Fi Teele t> ty J = 1,2,-+°%, ast ee 
27h, + MM; ee a 


q and by », the complementary sequences. Then, by (14) 
_ and (17), we may write 


| f(x) = Lal, x, Lf@)P = Laren 
Now we can find a partial sequence {»,,} such that 
q Lim (¢q;41— %) =. 


If we replace » by p — 1 in the lemma, we obtain 


4 [f(@)}* = F@OU/@)P = oa “ [aaa] 

E ag ,x* 

4 where we can form a partial sequence {K,,} such that 
q ee Se 

4 


Proceeding in this way we obtain, finally, 
E (f(x)? = La? txt, ; 


; where there exists a partial sequence {7,,} for which 


lim re +1 Wg) =. 
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We have consequently arrived at a contradiction. For 
we have assumed that 


ptt 
[faye = Le = a0), 


and since ¢;(a«)~ 0, the function 4(x) has the point @ as 
a pole on the circle of convergence. Moreover, (x) has only 
poles as singularities. This, however, we have just seen to 
be impossible, and the theorem is proved. 

Case 2. To show that f(x) cannot be represented in the 
form 


Py(x) d2(x) ; 
[P.(x) px 


where the radius of convergence of the series for ¢2(x) 
exceeds that for f(x). We now admit multiple zeros of 
P,(x), but require that there exist at least one simple zero 
a of Pi(«) which is not a zero of ¢9(x). 
Unless the theorem is true, we have 

f(e) = (Pia) dal), root? 

f'(%) = 7 [Pi(x)* Pi’ (x) bo(x) + [Pam] $2’ (x) 
ne rP,'(x) b2(x) + Pi(x) 62/(x) 

[P(x)]*~ 


ee s(x) : 
[Pi(x) nn 


where ¢3(x) has the same properties as the function ¢i(x) 
in Case 1. For, by hypothesis, a is not a zero of P1' (x) b2(x), 
hence not of ¢3(x). 

On the other hand, the derivative series has lacunae 
which are characterized by (12). 
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Case 3. The function f(x) cannot be written in the form 
eS GS eae 
1 
[Pi(«) pi 

i.é., assuming that ¢:(x) = (x — a,)*igo(x), where $2(a,) ¥ 0, 
k; is an integer, and a; is a zero of P,(x) of order k;> ki. 

Let Pi(«) = A(x — a)"+-++(x — a)" +++ (x — a), and 
suppose 

(x — a) "igo(x) 


f(x) = ; 
(% — o)p+i[P2(x) pti 
Peg ne) 2, Moa a 
(Pein ae 


The number r may be taken as positive; otherwise we 
have Case 1. Suppose for the present that r <1. Then 


<a) 2(x) d(x) 
f(x) = (* — a) ae 1 + Gai eeress 
[Po(x) >Hi [Po(x) p41 
o4(x) : 
= 1 
(% — a)! "[Pa(x) >Hi 
which reverts to Case 1 by virtue of the statement at the 
end of Case 2. If r> 1, we need only consider f*” (x) 
instead of f’(x). 
By combining these three cases, we have the general 
theorem. 
Tsuji! has generalized the lemma, Theorem 2 and Theo- 
rem 6, in that “‘pole”’ is replaced by “algebraic singularity.” 
1 Japanese Journal of Mathematics, vol. iii, no. 2 (1926), p. 69. Generalizations 
of Theorems 2 and 6 have also been given by Polya, C. R., t. 184 (1921), p. 502, 
who proved that a series having the property (5) cannot have singularities of the 
same kind as those of a linear differential equation of Fuchsian type. 
For other proofs and different generalizations of the lemma, Theorem 2 and 


Theorem 6, see Ostrowski, Jahresbuch der deutschen Math.-Vereinigung, Bd. 35 
(1926), 9-12 Heft, p. 269, and Obrechkoff, Comptes Rendus, t. 184 (1927), p. 271. 
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24. TueoreM 7: If, for the series (1), 


lim 2 = 0, (18) 


no th 


the function defined by the series has as singularities only 
unbounded continua. 

We state, without proof, two theorems on which the Pom, 
is based. The first is due to Ostrowski, the second to 
Weierstrass. 

TueoreM 8:! If the series (1) has the property (18), 1.e., 
if there exists a partial sequence {X,,} such that 


: Ang tl 
lim = 


? 
i700 Any 


and if we let , 
Si) = + dx 
n=1 ‘ 


then the sequence {S,(x)} converges uniformly in each closed 
region interior to the region of existence of f(x); moreover, 
f(x) is uniform. 

THEOREM 9:? If a sequence of functions f,(x) holomorphic 
in a closed region D is uniformly convergent on the boundary, 
then the sequence converges uniformly in the closed region D. 
The limiting function F(x) 1s holomorphic within D, and 
F®)(x) = lim f(x). 

noo 

Lemma: Let E be a bounded closed set, not a Cantor con- 

tinuum. Then there exist two regions without common points, 


and at a distance not zero from each other, such that within 


each region 1s at least one point of E, and such that each point 
of E belongs to at least one of the regions. 
Construct about each point of E a circle of radius «. 


1 Abh. aus dem Math. Seminar der Hamburgischen Universitat (1922), p. 327. 
2 Montel, Series des polynomes, Paris (1910), p. 16. 


mo eat 
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_ There is a finite number of these circles, C1, Co++++, Cy 

4 such that each point of E is interior to at least one of them. 
_ Denote by D, the region composed of the interior points of 
these circles. : 

Since £ is not a continuum, e may be taken so small 
that D, is not connected. Otherwise each pair of points of 
_E can be joined by a polygonal line of a finite number of 
segments, each of length less than 4e, and such that each 
vertex is in £. Hence £ is a Cantor continuum, contrary 
to hypothesis. Hence De consists of at least two connected 
regions. 

There is at least one of these regions which occludes none 
of the others from the point at o. Let this be the first 
region. The other regions may be connected by polygonal 
lines which have no point in common with the first region, 
and are therefore at a finite distance from it. These can 
be covered by a finite number of overlapping circles of 
radius less than ° and with centers on these lines; these 
circles, together with those not of the Sie region, consti- 
tute the second region. 

Corotiary: If, for every ¢, a circle of radius ¢ 15 described 
about each point of a closed set E, and if, for every e, the region 
formed by application of the Borel-Lebesgue theorem is con- 
nected, it 15 a continuum. 

THEOREM 10: Given a closed curve C. Let Cy, Co,-+++ bea 
set of polygonal lines within C, all having a common vertex P. 
Suppose that each C; has a vertex P; such that lim 4, =0, 


1-00 


where n; 15 the distance from P; to C. Denote by «; the length 
of the longest segment of C,, and suppose lime;=0. Let E 
IO 


be the set of vertices of the C;. Then E’ 1s a continuum which 
contains P and a point of C. 
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We note first that E’ is not a null set, and is closed; — 
further that it contains the point P, and some point of C: 
Describe a circle of radius 7 about each point of £’. Then 
there exists a finite number of these circles such that each — 
point of £’ is interior to at least one of them. Let Tn be © 
the region composed of all of these circles. This region 
must contain all the vertices of all the C;, 71> io, where to 
is sufficiently large. In fact, if there were a vertex P;, out- 
side or on the boundary of 7», for some 7 arbitrarily large, 
the points P; would have a limiting point P’, outside or on 
the boundary of T, which is contrary to hypothesis. 

The set E’ is chained. For if 4 and B are two of its 
points, there will be a Cy, of sides < 2 n, of which one vertex 
is distant from 4 by less than 2 n, and a Cz of sides < 2 7, 
of which one vertex is distant from B by less than 2 7; 
moreover, every vertex of Cy will be distant by less than 
2 from some point of E’, and similarly for Cg, if these 
are C;, 71> 1%, and C4 and Cz both contain P; this proves the 
statement. : 

Since £’ is closed and chained, it is a continuum. 

We proceed to the proof of Theorem 7. Let E denote 
the set of singularities of f(x). Since, by Theorem 8, f(x) 
is uniform, £ is closed. 

Moreover, £ is perfect. For suppose an arbitrary point 
P, of E is not a limiting point. With Po as center describe 
a circle Cy within which Po is the only singularity. Let 
C, be a smaller circle concentric with Co. Within the ring 
thus formed, f(x) is regular. By Theorem 8, the sequence 


ny 
S,(x) = > a,x 
n=1 


converges uniformly in the closed ring, hence, by Theorem 9, 


within C,, and consequently at Po, which contradicts the 
hypothesis. 
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With center at an arbitrary point Po of E, describe a 
circle Cz of radius R, arbitrarily large. Denote by & the 
closed set of points composed of the circumference of Cp 
plus those points of E which lie within Cp. 

The set 6 is a Cantor continuum. Otherwise there will 
be a closed curve K, lying within Cz, such that there is at 
least one point of & exterior to K, at least one point of G 
interior to K, and no point of 6 on K. Hence we can con- 
struct a ring surrounding K, lying within Cz, and having 
the same property. Then S,(x) converges uniformly within 
K, so that the points of 6 lying within K are regular. 

We wish to prove that any point P of E belongs to a 
Cantor continuum Pg, which is not bounded. Choose R 
large enough so that P is an interior point of the circle Cp. 
Let Q be a point on the circumference. Then P and Q are 
points of & and can be joined by a polygonal line whose 
vertices belong to @: 

P= Py Pet, Pde ies ok ee Pi, = Q, 


where 


P; Phas <«, 7 = 1,2,----,k—1, 


and where P;', P,',----, P’, are all within and not on Cp, 
and P; is the last such vertex. Then a point P of EF may be 
joined to some point P’ of E on Cp by a continuum con- 
sisting of points of E. The theorem is therefore proved, 
since P and R are arbitrary. 

25. We have seen that a series for which the condition 


lim On41 ore Anj) ee 
t— 00 


is verified, has, on the circle of convergence, at least one 
singularity which is not a pole. But a priori there may also 
be poles on the circle of convergence. In this connection 
the following theorem is useful: 
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Tueorem 11: If the series Za,x represents a function 
having exactly one singularity on the circle of convergence, 
then the series =b,x*, where the b, are arbitrary, can not 
have a pole with principal part 


A, 


(x — xo)” 


In particular, there are no.simple poles on the circle of con- 
vergence.) 

The proof is based on the following theorem: 

TuHeoreM 12: If, corresponding to the series 


we have a series 


with unit radius of convergence, having the property that the 


series 

co co ‘ co 

dat" Si Cx ee Dae 
m=0 n=0 n=0 

where dy = Cn dy, = 1, 1s regular at the point 1, then the 

function 


v(x) = Yas, 
n=0 


where the a, are subject only to the condition that the series 
shall have unit radius of convergence, has at least two singular 
points on the circle of convergence. 


1 Polya has generalized this theorem by showing that on the circle of converg- 
ence the function can have neither an algebraico-logarithmic point nor an isolated 
singular point about which the function remains uniform. Comptes Rendus, 
t. 184 (1927), p. 504. See also Gergen, American Journal of Mathematics, vol. 49 
(1927), p. 407, for a generalization by means of “generalized lacunae,” a concept 
introduced by the author. Bull. de la Soc. Math. de France, t. 53 (1925), p. 235. 
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n=0 


4 This theorem, as we have stated, implies the preceding. 
; Otherwise there will exist a series 

§ 2 

E Y 4anx™ 


_ having one and only one singularity, and a corresponding 
-_ series es 
: Do Pax” (19) 
n=0 
having a pole with principal part 

A, 


(x — x0)? 


Integrate (19) p—1times. The resulting series, 


co 

ayn tp—l 
Le one, 
n=0 


which we assume to have unit radius of convergence, will 


have a simple pole at a point x» = ¢*. The series 


j Ee eg a1" 
eat bd eae Satan Pp Dee (20) 
n=0 n=0 


has a simple pole at x = 1, and may therefore be written 
in the form 


A co 
ear >. RpX", (21) 
~ n=0 
the last series being regular at x = 1. On the other hand, 
its radius of convergence is unity. For the series (20) has, 
on the unit circle, at least one singularity other than the 
pole x = 1. Otherwise we have an immediate contradiction. 
For lim (X’n41 — \’n) > 1, which means that there must be 
at least two poles on the circle of convergence. Hence every 
singularity of (20), other than the pole x= 1, is also a 


Vee 
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singularity of the series in (21), that is, the latter series has 
a unit radius of convergence. We have the following re- 


lations: 
1 Qe 2 te LL pee, 
y bak + y a= Yet VY 14+5,)e 
n=0 n=0 n=0 n=0 
1 oo 
=— — Rn n 
A date 


The series =x" accordingly satisfies the hypothesis of 
Theorem 5, where c,=1-+0,. Hence the series 2a,x** 
has, contrary to hypothesis, at least two singularities on 
the circle of convergence. 

We proceed to the proof of Theorem 12. If the theorem 
is false, there will exist a series 2aj,~" with unit radius of 
convergence, having only one singular point, say ¢’*, on the 
unit circle. 

Denote by H the operation by which 2a,b,x" 1s obtained 
from 2a,x" and 2d,x": 


co co fo) 
Tl ¥ aax® )) Dak™ | aad 
n=0 n=0 n=0 
Since, by hypothesis, =d,x" is regular at x = 1, we may 
write e e 
af Yawry i) = Dkx, 
n=0 n=0 


a series which, by Hadamard’s theorem,! has, on the unit 
circle, singularities only of the form y = ee, where ¢? 


1The proof of Hadamard’s theorem given in Chapter III assumes that the 
functions f(x), (x) involved are uniform. But here all three series in question 
have radius of convergence 1. Hence it may be shown that the curves C, Cg may 
be drawn so that if x is a regular point on the circumference for f(x), and x1 for 
(x), then the point xox: will be included in the region of regularity for F(z), from 
which the desired conclusion follows. [Eprror.] 


ees 


z 
. 


a 


4 
ss 
- 
4 
4 
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_ isa singularity of =d,«". But we have 


x Rx® = > ay ,x (22) 


n=0 
from the way in which the d, are defined. Consequently 


et = pb Fn a Ske i 


- which contradicts the hypothesis that x = 1 is a regular 


point for 3d,x". 
From the fact that the series (22) has at least two singu- 


larities on the unit circle, it follows that if e” is one of 
them, there will be another, say ¢:, such that 
cite = cites, (23) 


Thus for example, if the sequence {X,} contains only a 
finite number of multiples of an integer p, the series 2a,x*" 
has at least two singular points on the circle of conver- 
gence.! For consider 


MR ee eae ae hee 
ee at ee) 


ets Cea = 


where ¢(x) is regular in the point x = 1. We may write 


¥ dx" = - pyr + Vix 
n=0 n=0 n=0 


Ler + yl px 
n=0 n=0 


a (x), 
where np has been replaced by Xj. This function has 


poles at the points ent 0<q< ?, that is, the series Da*” 
satisfies the hypothesis of Theorem 12. 


1See also Ostrowski: Jahresbuch der deutschen Math.-Verein., Bd. 35 (1926), 
9-12 Heft, p. 269, and Jour. London Math. Soc., vol. 1, part 4, Oct., 1926, p. 236. 
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From the tio concerning the },, the 6 of (23) must _ 


‘visa singularity | 


— a a SS 


of Za,,x*, there will be a singularity e’”, of the same series 


such that y DARTS 
evae re! (24) 
26. THEOREM 13: Given a sequence {d,} containing only 
a finite number of multiples of each p; of an infinite sequence of 
prime numbers {pn}. Then the series Za, x" has an irre- 
ducible set of singularities on the circle of convergence. 
Without loss of generality, we may assume that x = 1 is 
a singular point. From (24) the set E of singularities on the 


unit circle consists of the points 
279g,t 279,t 


CR Ore aa Wr ecugien | << p58 


and these points are distinct, since the p; are prime numbers. 
Consequently £’ is not a null set. 

We shall prove that if E™ is not a null set, and if to each 
po” of E™, and for each p,, there exists a number g, such that 


in) ( 
seen 
pore a; = Pi, (25) 
then Et” is not a null set, and for each pot” we have 
2 rq th; 
(n-+1 1 
pt ema e p et 


The existence of E“*” follows at once from (25), since 
there is an infinity of distinct points p{”. 


There exists a sequence of points p, k = 1, 2,---- for 
which lim pe = pot). For an arbitrary 7, the set of points 
—> 00 
2m ws 


2 ea, R= 0; 1, 255 


has at least one limiting point: 
Qaghth; 


1 
prt) = pete 


* 


™ ic oo iii ea a 


ws 
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; 2g 
In fact, since 7 is fixed, one of the factors e—»;~ must be 
repeated an infinite number of times. This g{") may be taken 
as gi"t); hence the point p{"t” thus given is distinct 
from p{"t)), 

Generalizations of theorems similar to the preceding have 
been given by Ostrowski.1 One of his theorems is the 
following: 

Tf f(x) = Yanx*", where the sequence {dq} does not contain 
any member of the form 


fag, -h<g, 
lo+ng, I2<4q, Pe ohne 


ase ses . ele 6.6 © 


where q 1s a prime number, and where the integers 1; are dis- 
tinct, then f(x) has at least k+ 1 singular points on tts circle 
of convergence. If x =a is a singular point on the circle of 
convergence, then f(x) has, on the circle of convergence, at least 
k other singularities aj, a2,++++, a, of the form 

2ar;t 

a=aert, 

where r; 1s an integer, 0< 1;< q. 
27. We have seen the importance of determining whether 


™m™ 
the expression ‘V| D,, »4:| approaches 1 regularly or not. 
For a series 2a,x" having an infinity of lacunae, this regu- 


larity does not hold for p = 1, but since there is a partial 
™ 


sequence of coefficients @,, @,,°++* such that lim VI | 


b hoe 10,0} 


= 1, we say that the sequence Vv a,| approaches 1 irregu- 
larly. 


1 Joc, cit. 
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It is also natural to say that the series Za,x"* has more 
n 
lacunae than the series b,x", or that \|d, | approaches 1 


more regularly than ‘| a,| if, whatever the sequence of. 


positive integers ,;, such that lim ‘V|a,,| = 1, it is also 
17 oO 
ny 
true that lim V| bn; | = 1, but not vice versa (1.¢., there 


i009 


exists a sequence {n’;} such that lim ‘| d,,| = 1, and 


lim | any,| < 1): 


Cede) 

This terminology has the advantage of permitting the 
formulation in a general manner of the law expressing the 
influence of the lacunae on the corresponding singularities, 
their nature and their number. 


If the sequence \|b,| approaches 1 irregularly so that 
the singularities of 2b,x«" fail to satisfy an arbitrary prop- 
erty (4), then, from the foregoing theorems, there corre- 


n 
sponds to the sequence Yj a,,| the series a,x" whose singu- 
larities can not satisfy the property (B) less restrictive than 
(4), that is, every set of singularities satisfying (4) also 
satishes (B), whereas there are sets satisfying (B) which do 
not satisfy (4). Briefly, the set of singularities satisfying 
(4) is in general contained in the set satisfying (B). 
Conclusions of this kind are, moreover, the only ones 
that can be given when the hypotheses refer only to the 
absolute values of the coefficients. In particular, a theorem 
of Fatou states that it suffices to change the signs of an 


infinity of coefficients in order that the circle of convergence 
shall become a cut. 


VI 


_ THE DETERMINATION OF AN ANALYTIC FUNC- 
TION BY A SEQUENCE OF COEFFICIENTS 


28. The object of this chapter is to show the extent to 
which a function is determined by a partial sequence of its 
Taylor coefficients. 

Consider a set of functions holomorphic within the unit 
circle, each function of the set having a given property (4). 
This property may give either the number or the nature of 
the singularities, or both. Then there will exist a sequence 
{n,;} of integers corresponding to the set, 7.¢., to property 
(A), such that if a sequence {a,,} is given, the function 
f(x) which has the a,, as its Taylor coefficients is defined to 
within a function whose radius of convergence exceeds 1, 
if (4) refers only to the singularities of f(x) on the circle of 
convergence; if, on the other hand, (4) refers to the singu- 
larities of f(x) in the entire plane, then f(x) is determined 
to within an integral function. We consider now series with 
unit radius of convergence. 

Two sequences {4,,,} and {@’m,} for which 


mz eae Tp ee a eS 
lim V|@m,— @'m,| <1 
m— oO : 
are said to have the same principal part. 
Suppose that we have a set of functions, and a sequence 
{n;} such that if the coefficients ay, an, of two functions 


of the set are the same, the sequences formed by the re- 
285 


Saaioad Bf ‘ak \ a (A) ee to sin; 
plane, then (1) is replaced by 


lim 
TES. ~~ ’ nh f 


teat 
/ 


We shall see that when a property (4) referring to singu- 
larities on the circle of convergence is given, the set of 
functions whose singularities are characterized by (4) has 
the property that there exists a sequence {n{} such that — 
{a,,} is a functional of {a,,,}. We shall verify this remark 
for ‘several special properties (4). It will appear, as a conse- 
quence, that the following problem admits, at least theo- 
retically, a solution: 

Give the characteristics of the coefficients of a Taylor’s 
series representing a function whose singularities have > 
property{(4). 

_ Although the proofs of the theorems which follow are 
based on the theorems of the preceding chapter, vik series _ 
considered are not necessarily lacunary. | 

29. THEOREM 1: Given the functions 


A) = Daw, fox) = Dd,x, 


having only algebraic singularities on the circle of convergence. 


Let {n,}, {R,} denote two sequences of positive integers for 
which 


lim 2, = oo, lim k, = 0. 
T>co T—>0O 


= tau 


¥ 
<a 
a 
‘4 
4 
ze 
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Tf Gn.tp = Yntp p= 0, 1, 2,++++, Ry then the series for 
fi(x) — fa(x) converges within a circle of radius greater 
than 13 


The interest of this theorem lies in the fact that ,., — n, 
may be arbitrarily great. In case n,4,; — 1,=k,+1 for 
all r, the theorem merely asserts the uniqueness of the 


__ function defined by a Taylor’s series. 


In order to prove the theorem, consider the sequence 
Ty T2,°*++ for which n,,+ k,,+1< 1,41. This sequence 
may be assumed to be infinite, for otherwise f, — fz reduces 
to a polynomial. 

Suppose the theorem false, so that 


file) — fale) = Liew 


has its radius of convergence unity. If we denote by {m;} 
the sequence complementary to {n‘}, we may write 


Dear = Dy Cm", 


since by hypothesis ¢,,=0 where nj{=n,+. The m; 
satisfy the hypothesis of Theorem 2, Chapter V: 


lim (m;4:— m,) = 00. 

moO 
Hence, by Tsuji’s generalization of that theorem, the series 
Zc,,x"i has at least one non-algebraic singularity on its 
circle of convergence. This, however, is impossible. For, by 
hypothesis, f; and fz have only algebraic singularities on the 
unit circle, hence the same is true of f; — fo. 

1In Acta Math., t. 45 (1924), p. 129, the author has stated this theorem for the 

case in which f; and fz have only poles on the circle of convergence, basing the 
proof on Theorem 4 of the preceding chapter. As a result of Tsuji’s generaliza- 


tion (Joc. cit.) of the latter theorem, we may prove the more general theorem 
stated here. 
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If f, and fz have only algebraic singularities in the entire 
plane, then fi — f2 is an integral function, provided 


an+p = Uno P= 0, Lares, eps a i 29° ee 


lim n, = ©, lim k, = 0. 

TO TOO 
For if f; — fz is not an integral function, it has a finite radius 
of convergence, and has only algebraic singularities on its 
circle of convergence. 

We see, then, that if we consider the set of functions 
having only algebraic singularities on the circle of conver- 
gence, which is property (4) in this case, then the sequence 
{4,,} is a functional of {a,,,}, where n’, = n, + p,7 = 1,2,---, 
p= 1, 2,---+, k,, and {m;} is complementary to {n/}. 

30. THEoREM 2: If each of the sets of singularities of the 
functions 


file) = Liayxn, fol) = Li dax 


is reducible; if pr, po,+ +++ 15 an increasing sequence of prime 
numbers, and uf 


Anp, = Danes To Ay y's > 5 It Reena 


then the series Xc,x" representing the function f, — fo converges 
within a circle of radius greater than 1. 

In the first place, we note that the set of singularities of 
Zc,x" is reducible. If the theorem is not true, the radius 
of convergence of this series is 1. Let 3c,«" = Zlm x", Then 
the m, satisfy the hypothesis of Theorem 13 of the preceding 
chapter. Hence we have the impossible conclusion that 
Zc,x" has an irreducible set of singularities on the unit circle. 

For the set of functions having only reducible sets of 
singularities on the circle of convergence, the sequence 
{4m} is a functional of {a,,,}, where {n’;} is the sequence 
{np,} and {m,} is the complementary sequence. 


ee 


eh 


fre r= 1, ee 1; ae Fes 


tim & =o, limn, = 0, ogre 
ra Ny r00 Fahcpoc Ang 


then f, — fo is an integral function. 
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32. The fractional derivative D%f(«) is defined as follows: 
Dif(x) = f(x), 


Def(#) = ca | (x — 2)1-"Y(@)dz,a<0, 


Di f(x) = “Dr *f(x), a> 0, 


where 7 is the smallest Boe not exceeded by a. 
The derivative thus defined for a< 0 differs from the 
function 


Ta (x — 2) 1-9f(2)de 


by a function which is regular except perhaps at 0 and &. 


The Taylor expansion of D%f(x) is obtained from the 
second of the above formulas. The series 


(x — 2) )-f(z) = (x — 2)7-* Yaar 


converges uniformly along the curve Co, ,;? integrating term- 
wise, we have 


1 Hadamard, loc. cit. See pp. 154 fF. 


* Provided aS — 1; if — 1 <a <0, the termwise integration can be justified 
by a theorem of Osgood: Lehrbuch der Funktionentheorie, Leipzig (1912), vol. 1, 
p. 593; the Sn,, of that theorem is taken as 


z—2 


ai eee eiee te ukdz. [Eprror] 
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an ‘Ge - — 22a nds 


erage a Atd 


= aioe a, n+ 1) 


SN: 


at” ee (lay a 
from which we obtain _ 
ee Said) wo 
D2 f(x) = x aca) an”, a< 0. 
mele a is Besse 
D2 f(x) = T(n + 1) ee 


ty eo 1) 1" ee eee oon’ ie 


= Rede ap)" 
pint Dit p= (n+ pa 1) matt), ae 


Tin+1—a+?) 
ay (n+ 1) a 
ess Ms gpa fie 
“33. The Hadamard operator H¢ is defined as follows: 
: Gf) = f) 
Bef) = Esa ate x — log z)~*f(z)d log z, a< 0, 


Hse) = ( 2V'H-f(a), a> 0, 


where ? is defined as above. 
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If a is negative, 


S = 1 = f ses n—1 
He f(x) = r( pee (e - 7 aa 5 
In the integral 
((1 Ey nig 
go oan 
0 
place z = tx. The integral becomes 
1 
—l-a 
xn [(t08 *) padi 
0 
= n*x"T(— a).! 
We have, then, 
Hes Viann*x”. 
n=1 
For a> 0, 
Hef(s) = (4 2) nee 
¢ mary iy ts 
1d\e 
= Saqntx". 
n=1 


34, Let f(x) be a function, real or complex, of the real 
variable x, axx<b. If 


e 
eT, » [70 sin ux dx| < I, 


a’ 


mi 
v {70) cos ux dx 


00 ba 
1For T(a) = J xt ley, Leto=e ™, x= mlog +: Then T(a) = 


1 
LN ee 
me S (oe *) o™ lap, [Eprror] 
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for all v, where a< a’ < b’< b, and where J is independent 
of a’, b’ and v, then f(x) is said to be of finite deviation} in 
(a, b). 

THEOREM 1: 4 function f(x) of limited variation in (a, b) 
is of finite Bagel Be in (a, b). 


Let QO = vf f(a) cos ux dx = Sf(a)d sin vx. 


For a given v, divide (a’, ‘’’) into subintervals by the 

; kn, : : 
points x = ~~, using such integral values of k as give points 
in (a’, b’). 

Consider a subinterval 6 Tr, Fae r) interior to (a’, b’). 


Denote by M;,, m,, respectively, the upper and the lower 
bound of f(x) in this interval, and let p, = M, — m,. Then, 
in this interval, 

f(x) = m+ O(x)p,, OS OS 1. 


k+1 k+1 k+1 
wv Tv v 
a . Y . v . 
| f(x)d sin vx = | my,d sin vx + | Op,d sin ux. 
k k k 
aig ih —T -t 


The first integral on the right vanishes. Moreover, 
k+1 


iz pa sin ux yp Pi: 


k 
—7 
v 


Consider the left-hand interval, @ “s r). If » and ¢ are 


positive pie agia the latter none arbitrarily small, we have 


(oars ae [|f(a’)|+ a] }d sin ux 
Loeinaaee 
<2|f(a)|+6 


1 Hadamard uses the term écart fint. 
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the last inequality being valid for v> vo, since 7 can ap- 
proach zero as » becomes infinite. Noting that a similar 
result is obtained for the right-hand interval we have, 
finally, 


101< 22+ 2ifle)|+ 21/69 |+26 


where 7 is the number of subintervals interior to (a’, b’). 
By hypothesis, =p; is bounded for all v, hence the same is 
true of Q. 

A similar process, choosing properly the points of divi- 
sion of (a’, b’), shows that the second integral appearing in 
the definition is also uniformly bounded. 

The converse is not true; in particular, an example has 


been given by H. E. Bray, namely, the function x sin s 


This function, which is not of limited variation, is of finite 
deviation. The proof of this statement depends on an 
investigation of the integrals: 


d P d 

J sin t cos ¢t 
c 

d 


Rpomrwstaa poeta hc 
d 


sin t cos t 
kyr: INE +4n 
c 

In particular, every function which satisfies the Lipschitz 
condition is of finite deviation, since every function having 
a bounded derivative is of limited variation. 

‘A simpler proof of this theorem can be given on the basis of Stieltjes’s theorem 
on integration by parts: If $(x) is continuous, and a(x) of limited variation, a < x 


< Dd, then 


b ma ee 
J a(x) db(x) = a(x) o(x)|— fo(x) da(x). [Eprror] 
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35. THrorem 2: Let f(x) = 2a,x", with R= 1. If \a,| 


_ converges, and if lim n|a,| log n = 0, then f(x) = f(e*) = 


_ F(¢) 15 continuous and of finite deviation on the unit circle. 


The continuity of F(¢) is evident, since =a,e"* is domi- 
nated by the convergent series 2|a,|, and is accordingly 


_ uniformly convergent in every interval. 


In order to show that J exists, independent of v, such that 


b’ 
§ J F(a) coud ef. Big 


b’ 
v{ Fo) sin u¢d¢ 


it suffices to show that ° 


b’ 

j= v| Flaerde < Ih, 
db’ 

eae | F(¢)e-"*d6| < Ip. 


For a given v, we may write 
b’ 


foo} 
. > an | embvibdg 


a’ 


j= 


VU F oe 
(m-+-v)ib’ (m-+v)ia 
a e —e ] 
| mm -+-v 

a’ 


eimtvyid’ ve, e(mte)ia’ 


lA 
Ms 
my 
= 


lA 
bo 
Ms 
tS} 
3 


= 258, 


and consequently / is uniformly bounded. 


oS a we = 


“in es enmiaee 
In the first case, 


2 v, 
am 
| 1s £ Tm — oP 
and in the second case, 
Es Blasts moa t2rlel 


Choose k and K so that O< k<1< K. Consiles in (1), ~ 


all the subscripts m for which m< kv. Each corresponding — 


term is less than ts = so that 
Mahe ies Pee S. 
Similarly, 
q 2v 28 
Pi ose 


Take next all the m’s for which ku < m< v. 
1 
Dla a stvlal(its+--+2), @ 
ku<m<u Ime 2 ; h 


where qd, is = coefficient of greatest absolute value for 
ku< ms Ev, and h the number of such integers m. 


mot wet Ooh a ee el 


pa (hao aed ber as ee 2 Ne 
Be But we have . 
s nae h=E[((1—&)v]-—1 
4 =(1-—k)vp-1-—«, 056<1, 
= (1 ca oo ptt) v 
i. U 
3 ie Py 
where p= 1—k-=+*. 
Moreover, 
Z 1 1 
Z 3 accede ea 
é | lim ___2 pce Ueri es | (3) 
ae log (up,) : 


q since log vp, = log v + log p,, and lim p, = 1 — k# 0, so that 
v0 


q h = vp, becomes infinite with v. 
On the other hand, 


h< 


sle 


= < 
@ 

so that 
0< log v — log/< log 6. 


ae ee eR eS ee ae 


Hence, for all v, we have 
|log v — log 1|< M, (4) 


al | 


“AS ae 


| is Now, given € chee exists a dumber 
we have, from (2), \ 


“Py ely dv a" 7 a|(1 + eee 


ku<m< 
By hypothesis /| a,| log 1 a: 0 as 1 =e 
infinite, hence as v becomes infinite, because of (4). ind 
since the right hand side of (5) is bounded for v< vu, having. 
only a finite number of terms, it follows that this oe 
is bounded for all v. aay 
There exists, by hypothesis, a number Ly such that 
Lo | az, | log Lo exceeds any other / | a;|logl. We may — 
therefore write a 


dX |4¢nl -— 


< pLo| az, \log Lo, 
wete: ce v| ue | La g Lo 


where up is a certain constant. 
In a similar way it may be shown that 


—_ 


2u 
'L . 
ote an| |m — v| <# o| A» | log Lo 


In case v is an integer there remains to be examined only 


the term va,(b’— a’). This expression is bounded, for it 
approaches zero as v becomes infinite. 


If v is not an integer, consider ® 
U ee 
(Ev—v)ib’ e(Bv—)ia’ 
an, é 
pe! (6) 
and 
U en te eS, 

a a peers v)ib’ ebvtl v)ia i (7) 


q 
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We have | 

e(Bu-v)ib! _ ,(Bv—v)ia’ | _ (Ev — v)(d' — a’) 
2 


c yt! 
2 ie >—sin 


< (Au — v)(a’+ dD’). 
Hence the expression (6) is, in absolute value, less than 
| az,|v(b’ + a’) < 2 mv az,| 
if we take b’+ a’< 27. The last expression approaches 
zero as v becomes infinite. 
Similarly the quantity 2 zv |a@g,4,| is an upper bound for 
the expression (7). 
.Combining the foregoing results, we obtain 


2S 28 
i Pe 1 zt uLo| az. log Lot p’Lo| az,| log Lo+2M, (8) 
where M exceeds the largest of the numbers of the form 


v|a,| (b'— a’), 2mv|azg,|, 2 rv] Ons |. Since each of 
these expressions approaches zero as v becomes infinite, the 
number M exists. 

Coro.iary: The deviation of f(x) satisfies the inequality 

L< kS + keLo| az,|log Lo + kslo| ai| (3’) 

where ki, Ro, kg are numbers not depending on the particular 
series, and ly| a,| is the maximum value of k| a,| for all k, 
the numbers S and Ly having their previous significance. 

On the other hand, we have also the following theorem: 

THEOREM 3: Given f(x) = Za,x", R= 1. If f(e*) = F(¢) 
is continuous and of finite deviation on the unit circle, then 
for every e> 2 


@ D4! eg 
(b) lim n‘~* 


a,,|log n = 0.1 


1 Or, what is the same thing, 


lim nJ—¢|an| = O for every e > 0. [EprToR] 
n— co 
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Construct a circle C, with center at the origin and radius 
r<i. Then 
<a 1 ff@ias 
Sonn2-at J oe? 
Cr 


On the other hand, since 
lim f(re'*) = f(e'*) 
r1 

uniformly for all ¢, we have 


lim ies a= [Qa 


1 
r—>1 nrt n+1 
Cs c 


where C is the unit circle. Consequently 
2a 
1 oie 
Pot oo | fle*e-*d 9, 
27 , 


Since f(e*) is of finite deviation, Lo exists such that 


2x 
[nF fe) ened | < Le 


and therefore 


n|a,|<L, pa 
Tv 
| a, | L 
nt < nit? 
so that y| an | conver 
. ges. 


In order to prove the second part of the theorem, we need 
only note that 


ntl top n ; 


ces 
n 


and that the limit of the right-hand side is zero. 
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36. The order of f(x) on an arc of the unit circle is the 


number » such that H-“*® f(e*) is continuous and of finite 
_ deviation on the arc, whereas, for H~“~° f(e*), at least one 
_ of these properties fails, that is, H~@-° f is either discon- 


tinuous or not of finite deviation, or both discontinuous and 


not of finite deviation. 


The order of f(e"*) on any arc, a< ¢ < J, of the unit circle 


is clearly not greater than the order of f(e*) in an arc con- 
: taining (a, b). The order of f(e'*) in the point ¢o is defined 


The series )y 


as the lower bound of the orders of f(e’*) in all the intervals 
containing ¢o. If f(e'*) is of order w on the circumference,” 
there is at least one point on the circumference at which the 


_ order is w; there is no point on the circumference at which 


the order exceeds w. 

THEOREM 4: The order of f(x) on the circle of convergence 
1s given by 
za aoe | a, | 


(oy) : 
noo log n 


We have, by definition, that for all except a finite number 
of values of n, 


logla| _ log (land 5, 
log n! log n 


with e> 0 arbitrary. Hence 
Mae <n, 


a 1 
ial < Fei 


| a | 
net 
Moreover, from the preceding inequality, we have, for n 


sufficiently large, 


accordingly converges. 


n | An 1 
log n< 
note & Had 
lim n | a, | i] 
n—0o note log pata 0. 
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' a : 
Hence the series pS where 5, = erie satisfies the hy- 


pothesis of Theorem 2. Consequently H~“t*? f(e'*) is con- 
tinuous and of finite deviation on the unit circle. 

On the other hand, there is an infinity of values of a 
such that 


log (n | a, ee 
log n 
| an 1 
eek? 
n n 
n aie én 


| log n> log n, 


an 
nee 


where ¢, = The last inequality shows that H~@~?f(x) 


= Xc,x" is not both continuous and of finite deviation; 
otherwise we should have, by Theorem 3, 


lim n1~* 
no 


| log n = 0. 


We have seen that the expression 


fay 08 an | 


no 


—log R 


gives the absolute value of at least one singular point. It 
is natural to inquire whether similar formulas yield informa- 
tion regarding the kind of singularities on the circle of 
convergence. The answer is affirmative. In fact, the pre- 
ceding theorem shows that the value of the expression 

— log|a 

lim —2!“*! | a | 

no An ¥ 
determines the order of the function on its circle of con- 
vergence. 


ee eT ee 
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37. We have often employed the following fact: If xo is 


an isolated essential singularity of the function f(x) about 


which the function remains uniform, then we may write 


F(x) = fiw) + folm), 


where 4% is the only singularity of fi(x), and f(x) is holo- 


--morphicin x. We may state a similar fact for the separation 


- With O as center, draw 


of the arcs on which the function has a given order. 
THEOREM 5: Let f(x) be a function having the order w on 


_ the closed arc T of the unit circle (of convergence). Then, given 


e> 0, we may write 
F(x) = fale) + fal), 


where fi(x) is of order not greater than w + «¢ on the entire unit 
circle, and f2(x) 1s holomorphic on T, except perhaps at a 
and b, 

By hypothesis, the function 


o(x) = Hz? Ff (*) 


is continuous and of finite deviation on I. 


In the figure, T is the 
arc ab. Draw a circle 
passing through a and 
b, and having its center 
within the unit circle. 


a circle of radius 1 — 7». 
Let 7 denote the shaded 


region. 
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For every point of 7, we may write ¢(x) = ¢i(~) + ¢2(x), 
where 


1 (2) 
dt) = 9G art 
khp 
1 $(z) 
b2(#) = 2 «1 Joa % es 


If we let » approach zero, ¢:(x) and ¢2(x) vary continu- 
ously, since ¢(x) is continuous. We may therefore write 


_ 1 [ 4% 
or(*) = 2 aij z— x dt, 
1 (z) 
do(x) Zz 1 a d 
By writing 
Pind i 
Loe iste St \, 
Seager (lec z 
z 
we have 
d(x) = Liknx, 
where 


= ai o(x)dx 


2 axis xt 
Tr 


Since ¢(x) is of finite deviation on IT, 


Lh 


where x = cos @+ sin 6, and L is a constant. 
On the other hand, we have, by definition of ¢, ¢1, and ¢2, 
f(x) = Het $(x) 
= H2**(x) + Het $o(x). (10) 


| o(x)[cos (n + 1)@ — 7 sin (n + 1)6] 


Ly 


2s 
2a 


[— sin 6+ i cos 6] do <S (9) 


— 

=i 

ar 

es 

eo 

” 
‘ 


bres 
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We may write 
He o(x) = Lilx, 


_ where J, = k,n*t, Hence, from (9), 


[1,| << Lna ites 


and the function H?t‘¢;(x) is of order not greater than 


~w+eonT, by Theorem 4. 


On the other hand, ¢2(x) is developable in a Taylor’s 
series, since it is the difference of two Taylor’s series. 
Moreover, ¢2(x) is holomorphic on I, except perhaps at a 
and J, since it is holomorphic in every point which is not 
on the arc amb. Hence H?**¢2(x) is also holomorphic on TP. 

We see therefore from (10) that f(x) is represented in the 
desired form. 

38. We may now prove two theorems which are useful 
in investigating the behavior of a function in the neighbor- 
hood of a singular point. 

THEOREM 6: Suppose f(x) has on the closed arc T of the 
circle of convergence the order w, less than a positive number w. 
Let 1, ¢2 be two quantities such that OS o< ¢2< 2 7, and 
such that T contains the arc ¢,¢2 1n its interior. Then, as 
r— 1, 

(a) the quantity 

eer fire”) 

approaches zero uniformly with respect to $, provided o< ¢ 
< go; and 

(b) the quantity 

(1—7)°1,, 

where I, 1s the deviation of f(re'*) on the arc did of the circle 
of radius r, also approaches zero. 

We may assume that f(x) is of order w on the whole circle, 
which involves no loss of generality. In fact, from the 
preceding theorem, we may write f(x) = fi(x) + fo(x), where 
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f(x) is of order <w on the entire circle, and where f(x) 
is holomorphic on I, except at the end points; the theorem 
is evidently true for fo(x). 

We have, by Theorem 3, 


lim ors ees 0- 
no 1 
Now, since 
i T(n + w) aad 
Lage OED eae 
and since 
1 * 
@ — x) ee Lidyx > 
where 
tes T(n + w) 
* Totaly 
it follows that 
» Gal Ca) E GSE DS ss een ee 
iim tina oe ee 


Hence, for an arbitrary e> 0, 
€ 
| a,|< 9 dm n> nN, 


If we add to Sete a polynomial, 


(1 — x)° 
P(x) = SA, A.>\al, 
we have, a fortiori, a 
lasl< 54+ dy §=1,2,---+, 0, 
| ao + aye’? fees et an reer ed 
5 dy + dir t+-+-+ dys”) + P| (x) |, 


1 As may be obtained from the approximation formula: 


Tin+1)~V2r0 nme-", [Eprror] 
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net1 pi blag. 1 
1 : lca 5 nsat nee 


eee: cei 


+ | P(x) |, 


(1— 7)" | f@) |< it (1—1)*| P@) |; 


where x = re'*. The first part of the theorem follows at once. 
For the proof of the second part of the theorem, it suffices, 
in view of the Corollary of Theorem 2, to show that 


lim (1 — r)*(AiS, + Rol, | az, | log L,r'* + kal, | a, | 77) = 0. 
r>1 
The reasoning of the first part of the theorem shows that 
lim (1 — r)°S, = 0. 
r—1 
If Z, as a function of 7 remains bounded, say < mp, for 
all r such that 1 — »< r< 1, where 7 is fixed, we have 
lim (1 — r)°L, | az, | log L,r'" = 0. (11) 
rol 
Choose w’ so that w, < w’< w. From Theorem 3, we have, 


for m> mo, 


ele (12) 
og m’ 
and, placing r = 1 —«, 
(1 — r)°m log m | an | r™< m*(1 — €)e*, (13) 


for m> Mo. 
Consider (11) for the case in which L, increases indefinitely 


as r— 1, and in particular when L,> my as may be the case 
when ¢ is sufficiently near 1. 


(oes = wig 


est yahie for mM = Mis ae My OF oe my+ L is gi a 
by the expression 


= 


; iE 
J&£ Ve ; 
()jr-1 . 


But we have wee 


Zo oh ae ey ed 
where 6(z) is bounded in the neighborhood of z = 1, 1.2., 
1 a 


gree foomeparces 


< M, . ; 


for |z — 1| < n, where 7 is sufficiently small. ‘ 


= 


“¥ 


—— 


‘ 
w ys 


wie i “4 ay a We eK 
eee done te soa ee eel 


=M: 


4 "where C =(1—¢ "= const. Also 


M: = 
"where C, = const. > 1+ ee. From these inequalities and 


(13), we have, fort, > Hig, oe 
(1 — 7)*L, log L, ‘| az, |r <b (li) ie 
a < mi(1 — 6)’. 
It suffices therefore to show that 
4 lim (1 —.)* 1c Ve = 0, (ys 
from which (11) will follow. 


f The proof of (14) is ee For 
im Achim Z*, 
and, since w> w’, 
lim «°-” = 0. 
«0 


ee eS ee te nn ee ee 


It remains to be proved that 


lim (1 — r)*l, | ay,| 1°" ae 
r>1 
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This statement is verified if J, as a function of r remains 


bounded. 


If 1, becomes infinite as r approaches 1, then 
1, | a,,| < 1,| a,|log 1, < L,| az, |log L,. 


This completes the proof, since it has been shown that 


lim (1 — r)°L,| az, |log E, = 0. 
r—1 


THEOREM 7: If, for w> 0, 
lim (1 — r)*f(re”) = 0, 
r1 


untformly, fora< 6< 8, and 


lim (1 — r)°J, = 0, 
r—1 


where I, is the deviation of f(re”) on the arc (af), the function 
f(x) ts of order w' < w on the arc (ap). 

In determining the order of f(«) we may consider 
x°D;°f(x) instead of H;z°f(x), since if one of these func- 
tions is continuous and of finite deviation, so is the other.! 


The expression 
1 


x-"Dz*"f(x) = F(x) = Ra : J (1 — "YY (ix) dt, 


where w’’ > a, is finite and continuous in the region 
r<1, ax<6< 8, x= re", 
For in this region we have, by hypothesis, 


ie Se ee A 
(1—lex|)*” Ji—e 


1 Hadamard, loc. cit., p. 158. 


ye) — 


wig =i ihe ee f: 
“seal < apo nw a 


4; eye OPE 


iy pli: de APE 
nats we bre ines of xi n quertion, 


—— 


|F(@)|< call (- oid e 


Thus F(x) is eeiacted in (a, 8). Moreover it is continu-— 
ous, since the integral converges uniformly. 
_ By definition, the deviation of F(x) isthe upper bound of 


n| Le e*™ F (6) do| 


& B 1 
ee o nid _ 4\0"-1¢ (4,18 
F ao J ; J (1 = s"-Yceeae). 


This integral may be regarded as a double integral, since 
| - the integrand is dominated by 4(1 — 
a therefore reverse the order of i integration: 


- | 


+e —w-1 


We may 


; But : 

4 | Sne*”t(te”)da| < Ty 

4 a 

‘ where J, is the deviation of f(te”) in (a, 8). By hypothesis 
i: iat neti 

j B 

‘ L< (i —*° 

4 where B is fixed. Consequently 


f B 
4 n nid (18 een ee 
| To") J Sree ES Tih (ota tal 
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and F(x) is of finite deviation on the arc (a, 8). Since 
w’’ > w, the theorem is proved. 

It appears from the two preceding theorems that the order 
of f(x) on (a, 8), if positive, may be defined as the number 
w such that the quantities (1 — r)***f(re) and (1 — 7r)°tJ, 
remain bounded for an arbitrary e« as r approaches 1, 
whereas one or both of these expressions fails to remain 
bounded if ¢ is replaced by — «. 

39. For use in a later chapter, we state without proof a 


theorem of Fabry.? 
TuHeEoreM 8: If, for the series Zax, we have 


roti — Mw > EVA, Tog hy 


where k is a positive constant, then every point on the circle of 
convergence has the same order, namely, the order of the function 
on the circle of convergence. 


1 Comptes Rendus, t. 151 (1910), p. 922. 


Vill 


~ FUNCTIONS HAVING ONLY ONE SINGULARITY 


40. An important problem in the theory of Taylor’s series 
is that of determining the conditions to be satisfied by the 
coefhcients in order that the function defined by the series 
(with finite radius of convergence) shall have exactly one 
singularity in the entire plane. The problem was solved 
first by Leau.! Later Faber? established necessary and 
sufficient conditions. His theorem is the following: 

THEOREM 1: In order that the function 


fx) = Sax, 0< R< 0, 
n=0 


have the point 1 as its only singularity in the entire plane, 1t 
is necessary and sufficient that a, = g(n), n = 1, 2,--++, where 
g(z) 15 an integral function such that 


|e(z)|< e* forr> nr, r =z]. 


Leau gave, as a sufficient condition, a, = g(n), where 


ste 


eine” 3 forr>'r0'<s< 1. 


The latter condition is more restrictive than the former. 
For we may write 
age S (Ayer 
1 Journal de Math., 5e série, t. v. (1899), p. 409. 


2 Math. Annalen, t. 57 (1903), p. 369. 
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and since s < 1, we have, for a suitably chosen a, 
st2e—1<-—a<Q, 

if « is sufficiently small. Hence » 


| g(z) |< er* for r> 1. 


_ 


If we take r, greater than each of the numbers r,, (2). 


we have 
| g(z)|< e* for r> 1’. 


If, then, the condition of Leau is satisfied, so is that of 
Faber. ; 

Assume first that it has been shown that there is no singu- 
larity except at the point x = 1, if the a, satisfy the condi- 
tions of the hypothesis. If, also, x = 1 is a regular point, we 
must have a, = g(n) = 0, n = 1, 2,----, since, by Liouville’s 
theorem, f(x) reduces to a constant. Suppose g(z) has a 
zero of order k atz=1. Then 


g(z) 
f(z) = G—2x) 


* 


is also an integral function which satisfies the hypothesis of 
the theorem, and we have gi(n) = 0, = 2, 3,----. The 
series 2gi(n)x", which reduces to xgi(1), would be regular at 
0, which is impossible. Hence x = 1 is actually a singular 
point. 

We remark that unless g is a polynomial, the point 1 is 
an essential singularity. For if this point is a pole of order 
k, there will exist a polynomial P,_;(z) such that a, = 
Py-1(n), n = 1,2,---. Then g(n) — Py_,(n) = 0, n = 1, 2,---. 
But the function geo(z) = g(z) — P,_1(z) satisfies the hypoth- 
esis of the theorem. Hence, as we have just seen, it cannot 
vanish at the points 1, 2,----:. 


hte ss ee -£ 


fi oe H "% () = 


Su(*) = He fo(x) = mtn”. 


_ numbers b%”, b®,----, bf such that 


fix) = x xP Ooty (x), , (1) 
fe . oe 
and 
bm” = 1, < an Se pen. (2) ; 
‘ p! | 
Suppose (1) is true for n. We have 
Frat (x) = xf'n(x), 
aCe) = DOM EpaP Px) + a7) 
=1 
Hence at 
Fngilm) = YOM [pa®fP(x) + xP PPP (*)I, 
p= » 


and if for convenience we write D\” = 0, we have the re- 


currence formulas 


pot) — Lp = oy a ee 1 Des “yn, - 
nape 


Therefore (1) is true for 1 + 1. 


We shall prove that for each n there exist n positive — 
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If (2) is valid for n, we have 


: 2”"(n — 1)! 2"(n — 1)! 
gate in Gone 
oe — 1)! 
@-0! 
= ge 1): 
er 


Hence (2) holds for n + 1. 

Each f,(x) has the point x = 1 as its only singularity. 
Let us determine an upper bound for these functions in the 
region exterior to a circle with center at x= 1 and of 
arbitrary radius. 


xf P(x) | = 


p 


See eee 
[i1—x |?" 


aes 


POAC) 


frlx) | = 


< 2"(n — 1B ppltlen 


ot 


For x outside the circle, suppose | 1-x 


> h, |zal< a, 
1—<x 


a constant greater than 1. Then 


| fn(x) |< n\ H", 


where #7 is a constant. 


7 Functions Having Only One Singularity tol? 


It was proved by Poincaré that if g(x) = Da,2" is an 
_ integral function which satisfies the hypothesis of this theo- 
rem, then =n! a,z" is also an integral function. We have 
lfn(~)|< n!H", and since =n!]a,| |z|" converges for all 
_s, the series =n! |a,| H” converges. Hence 2 |a,/f,(x)| con- 
verges, and the convergence is uniform outside the circle. 
In this region, the function 
; co 
F(x) = Len ee? 
is accordingly holomorphic. 
Consider the sequence {S,,(x)}, 
Dm tt) = ao fo(*) gies my ACP 
We have seen that lim S,,(«) is a function having its only 
m—> co 
possible singularity at x = 1, since S,,(x) converges uni- 
formly to Za, f,(*) in every region exterior to a circle with 


center at x = 1 and of radius arbitrarily small. Hence the 
sequence S“)(x) converges uniformly in the same region to 


k oo 
So Dy on fa(x). We have 
n=0 zt 
TF inten (RY lend = Sk |, 


S®(0) = k! Dak’. 
i=0 
Hence lim S(«) |,-9 = &! g(k) is the k-th derivative of 
Dy a, f(x) atx = 0. The function x onfnr(x), being regular 


for |x |< 1, may be developed in a Taylor’s series, and 
the coefficient of order & is therefore g(k). Hence we have 


f(x) =f) + Ms o(n)x 
= F(x) +f) — g(0), 


f(x) = ee 


n=0 


Expand each term in a Taylor’s series: 


( me y = 3 Cees |x| <1 
k=0 


1-—*x 


co 
= pS Cao > 
m=n - F 
where, for convenience, C™_;=0, m>0, and C®,=1.. 
Consequently 


fle) = Y4, Yona Be 


n=0 m=n 


Sy = vA, cnr) 
m=0\n=0 


Hence we have 


= LA, 8 
and, for m 2 1, 


= Ay+ Ax(m — 1) + Agim = 2) Shar nes Ae @) 


We take now as the function g(z) the following: 
g(s) = Ay + Ale — 1) $o- 


—— a ae ee ee 


4 A, G2 DG = 2) = mt) 
(m— 1)! 


+ R,,(2), (3) 


Band show first that it is an integral function. Let r be an 
arbitrary positive number. We must show that the series 
= for (2) converges uniformly in the circle of radius r. Since 


Jim V4 n| = 0, we have 


| An| << e" for m> mo. 


.! 
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Hence, for m> mo, 


P[ragpl< « [CPD m 


m! 


e+ 
(Det mt) er vo]. 
(m+ 1)! 
This expression is the remainder after m + 1 terms of the 


1 fee ae 
development of ao hence its limit as m becomes 


(1 
infinite is zero, since e may be taken less than 1. The series 
(3) accordingly represents an integral function. 


Moreover, for any «, 0< e< 1,| g(z) |< e*forr>r,. For 


ous (rat my 


log| Rn(z)| < log e+ log ag 


(r+ 1): (rtm +t 1) mt ie! 
(m+ 1)! cae | 


1 
< loge + log (pr 


i aa 
< log Gym 
| Rn(z) | < @ttel) log (ie) 
| g(z)| < | Pn(z) | + eo tH) log (1) 


where P,,(z) is a polynomial of degree m. 


ee < IP, 

But | P,,(z) |< Mr for all 7. 
sufficiently large. Hence 
nt ark.) 

le) |< 6% + eke = 

<<. 2% =e 

From (2) and (3) we have g(n) = Bo ihe proof is is the 

fore complete.! oe . 

41. The following ieseat whose proof is arneeens ‘is a 


to Le Roy and Lindelof: E 
THEOREM 2° “Let <eta) ve bee ets in a certain | half 


plane. If we have, for — ie y< 5 “ and r> Ts yl 


lela + ret] < ete, 


where 09 < ris aconstant, and z—a= re’, then f(x) = Dg(n)x" 
1s holomorphic for all x in the sector 09< 0< 27 — 60, where 
x = pe. q 
In particular the conclusion is verified if g(z) is an integral — 
function such that 
loz) |< for r> 4, (5) 


the inequality being true for all y. The converse of this 
statement (with a hypothesis somewhat more general) was 
proved by the author for the case in which f(x) has on the 
circle of convergence only a finite number of singularities 
on the arc 0)< 6< 2a-— 6. Then f(x) may be represented 
as La,x" where a, = g(m), and g(n) satisfies the inequality (5). 


eo ee a 6 antitnl 


what Gad Ot 


1 The fact that two integral functions gi(z), go(z), with | gi(z) |< e, can not be 
found so as to be the same at all of the values z = 0, 1, 2,.... except a finite num-_ 
ber (see § 42) implies that the g(z) of the theorem can not in general take on the — 
value ay when z = 0. {Eprror.] 


IX 
FATOU’S THEOREM 


42. In the theorems of the preceding chapters, the 
hypotheses, insofar as they have involved the coefficients in 
a Taylor’s series, have referred mainly to their absolute 
values. The object of this chapter is to show that the 
algebraic signs of the a, affect the number and the character 
_of the singularities. Theorems of this kind originated in an 
- important theorem of Fatou.! 

THEOREM 1: Guiven the series 


Yia,x, 0< R<jcos (1) 


there exists a sequence {rq} such that the series obtained by 
changing the signs of the a,, has the circle of convergence as 
a cut. 

Write a, = a,+ 18, Fatou’s proof of the theorem re- 
quired that lim a, = 0, lim 8, = 0, and > Vai + g? diverges. 
He remarked, however, that it is probable that the cou.clusion 
is valid without any restriction on the 2Va2+ 0.2. That 
this is indeed the case was proved by Hurwitz and Polya. 
It is a modification of Hurwitz’s proof that we give here, 
not only because of its elegance, but also because the 
method can be applied to the proof of other theorems, in 
particular to Theorem 2 below. 


1 Acta Math., t. 30 (1906), p. 335. See also Hurwitz and Polya, Acta Math., 
t. 40 (1916), p. 179, and Mandelbrojt, Ann. de I’Ecole Norm. Sup., t. 40 (1923), 


p. 413. 
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Assume R = 1. If the circle of convergence is not a cut 
there will be at least one rational! value of ¢ for which 
f(e'*) is holomorphic. 

Select a sequence {x,;} for which 


lim (m4 = a) =o, (2) 
lim Vja,,| = 1, (3) 


and such that none of the a; vanishes. Let 


(4) = Yana" 


P(x) = Ya, x" — Ox) 


n=0 
oe , 
= Yen x” P 
j=1 


Arrange the sequence {a,,} in the following form: 


an, 
ans an, 


Denote by 4; the set of elements in the &-th column, and by 
(— 1)A, the set obtained by changing the sign of each ele- 
ment of 4, Consider the sets 
(- 14a (- 1)*Ap,: ait, (4) 
where ai, a2,*+++ take on the values 0 and 1. The totality 
of these sets has the power of the continuum. Let 
n= O.aiaq::++, OS nS 1. Denote the corresponding set 
(4) by 
(n) (n) 
(= Day Dae (4) 


1 Hurwitz considers, instead of rational points, arcs on which f(e'#) is holomorphic. 
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; If a number » can be written in two different ways, we shall 
retain in (4) only one of them. The set will still have the 
~ power of the continuum. Let Q,(x) = Zei?x"i, where the 
__ c® are the elements of the set (4’), and let pe Q,(x)+ P(x). 


[Suppose that for each 7, none of the f,(x) has the circle 
of convergence as a cut. phen, since (a), each f,(x) has at 


Jeast one regular point ¢ “*n where ¢, is rational, and the 
set of such ¢, accordingly denumerable, and (4), the f,(x) 


constitute a set having the power of the continuum, there 
will be at least two different numbers 7, 72 such that F,4*) 
and f, (x) are regular at the same point ¢* = ¢ a= '*,, 
Then the function 


F,,(*) — f(x) = Q, (x) - Q,,(*) 
is regular at that point. This, however, is impossible. In 
fact, since 7 and 7 are distinct, there will be some & such 
that if the a; of m is 0, the ag of nz 1s 1, or vice versa. Denote 
(m) 
by cme the cy’ belonging to the partial set (— 1)** 4, which 


(n,) 
differ i in sign from the c{”? belonging evidently to (— 1)“* 4,. 
Then 


Q,,(x) — Q,,(*) = Ldn 2” (5) 
where at least the coefficients dn, = 2 cme are not zero. 
Hence 

dy, a2 An,, (6) 


The series for Q,,(x) and Q,(x) both have unit radius of 
convergence. Hence the radius of convergence r of (5) is 
at least 1. Consequently, from (3) and (6), 7=1. From‘ 
the way in which the 1, were chosen, the series (5) has its 
circle of convergence as a cut. Hence the assumption that 
no f,(x) has its circle of convergence as a cut leads to a 
contradiction. But any f,(x) for which the circle of conver- 
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gence is a cut has the same coefficients as the given function 
except for changes in sign of an infinity of coefficients. 
The theorem is therefore proved. 

43. THEOREM 2:! Given f(x) = Zax", there exists a Se- 
quence {n;} such that it suffices to change the signs of the coeffi- 
cients an, in order that the circle of convergence of the resulting 
series is a cut, and every point on the circle of convergence has 
the maximum order, viz., the order w of f(x) on the circle of 
convergence: 
+ 1- 

no log n | 

If a function represented by a series with unit radius of 
convergence has on the circle of convergence a singularity 
of order w < w, then, by definition, this point may be en- 
closed in an arc in which the order of the function is less 
than w. It follows that if the order of the function is w’ < 
in ¢’*, there is a rational number ¢, such that the order in 
e* is less than w. If two functions have in the point xo 
the orders w’, w’’, <w, respectively, the sum of the two 
functions has in x the order w’’’ < w, where w’”’ is the greater 
of w’ and w’’, 

The proof of Theorem 2 is similar to that of Theorem 1. 
We now choose the sequence {7;} so that 


Nit, — 14> V n; log n; for 1> io, and also 


lim eel 1 w= fim OL! 


00 log n— 00 log n 


lo 
Instead of Hadamard’s theorem, we te Fabry’s theo- 
‘rem * on the order of singularities. Replace “regular point”’ 
by “point of order w’<,” and the proof is the same as 
that of Fatou’s theorem. 


* Mandelbrojt, Comptes Rendus, t. 184 (1927), p. 509. 
2 Chapter VII, Theorem 8. 


eee ge rng ree age: 


ae 
Pt Saas 


erg ae 


ie Bes sy ha 9 —_, 


! 5 s such that 


aang We that the corresponding series (7) has the Sat, . 
onvergence as a cut, and a denumerable set of values of ¢ 
for which the corresponding series does not have the circle of 
convergence as a cut. 


a 


—§ 1 Mandelbrojt, Ann. de l’Ecole Norm. Sup., t. 40 (1923), p. 413. 


et ot Led 
= 
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COMPLEMENTS AND APPLICATIONS OF THE 
THEOREMS OF HADAMARD AND HURWITZ 


45. We have seen that if f(x), ¢(x) have isolated singulari- 
ties a, 8, respectively, the functions remaining uniform 
about these points, we can write 


A08) = YACx) + Pale) 


f(x) having only a; as a singularity, and F,(x) having no 
singularities within a circle Cz of arbitrary radius R, if n is 
sufficiently large. Similarly 


a(x) = S'6.(2) + Salm), 


i=1 
with a corresponding statement for Cp, We have also seen 
that 


nym 


H(f, ¢) = ye (fis )) 


4,j=1, 


t yu (Fi, ¢j)+ Lm f. (1) 


Denote by 1,7; the radii of convergence of the series for 
f,#, respectively. None of the series 


beh Cae ¢;) 
j=1 


has a singularity in the circle of radius Rr, and none of the 
series 


LUCEm f) 


326 


oe re ae 


SN ‘, 
te 
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has a singularity in the circle of radius Ryr. Let R’ be 


arbitrarily large. Since R is arbitrary, there exists for each 


R’ a number R such that all the singularities of H(f,¢) in 
the circle of radius R’ occur in 


¥ Hf 4) 


$,j=1,1 


In fact we need only take R,R, so that Rr; and Ryr exceed 


R’. Then in the circle Cz are singularities only of the form 
vi; = «8; On the assumption that y;; can be obtained in 
only one manner, it will be a singularity of only one func- 
tion H(f;,¢;). The remaining functions in (1) will be regu- 
lar in y;. That is, H(f, ¢;) is the principal part of the 
singularity of H(f,¢) in y,. But f,,¢; are the principal 
parts of the singularities of f in a; and ¢ in ;, respectively. 
Hence Borel’s remark that the kind of singularity of H(f,¢) 
in 7; = a,8; depends only on the kind of singularity of f in 
a; and that of ¢ in B;. We have verified the statement for 
isolated non-critical points; the remark applies, however, in 
certain cases to singularities of other kinds. With Borel, 
we make precise this remark in the following theorem: 

46. THrorem 1: If y, 1s obtainable in only one way, and 
if a; is a pole of order q of f, and B; 15 a pole of order p of 4, 
then y,; 1s necessarily a singularity of H(f,¢), and 15 a pole 


of orderp+q-—1. 


Because of the preceding remarks, it suffices to give the 
proof for the case in which the point 1 is a pole of order ¢ 
of f, and of order 7 of ¢, the functions f and ¢ being regular 
elsewhere. In order to justify the assumption that the poles 
are situated at the point 1, suppose ap, Bo are the respective 
poles of f and ¢. Then the series 


Dianakx", yb,80x" 
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have poles at the point 1. If we can show that the series 


i anbn (croBo) "2%" 
has a pole of order p+ q — 1 at the point 1, it will follow 
that 
Yia,b,x" . 


has a pole of order p + g — 1 at the point app. 
We may write 


A, A, 
f(x) = Ao fae ee 
B, 
x (x) = a a = »? 
ow 
qa -Ya Ha pit tb Wnt b= 2) (mt Dae 
aS ee 


where Qo(n) = 4o, Qx—1() : 
Ai, 


(Rima 1 ya 

Then f(x) = 2)U,-1(n)x", and similarly, ¢(x) = )V,-1(n)x’, 
writing U,-1(n) = > Qx-1(1), Vp1 = i P,-1(n). 
Hence, —-A(f, 6) = Ly Ro4q-2(n)x", 
where Keates = Ons Vey 
Let Reagsa = Co + Cyn feees + Gaatvel A aint 
Then ys Reigate — MS (co sare Corgan? ta-2) xn 

= co Lyx" + er dy nx" beset Copan Dy Pt 2x” 


ah (nt h=1)ees(n $1). 
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Each of the functions in these series =n'x” has a pole of 
order k + 1 in the point 1. Consequently H(f,¢) has in the 
point 1 a pole of order p + g — 1. 

47. ‘THroreM 2: If y, is determined in only one way, and 
if a;, B; are essential singularities of f,d, respectively, then yy 
1s an essential Singularity of H(f,¢). 

Assume that the point 1 is an essential singularity of f 
and ¢, and that these functions have no other singularities. 


If 

f(x) = Yan", (x) = b,x", 
then, from Faber’s theorem, a, = g(n), where g(m) is an 
integral function such that 


| g(z) |< e" forr>r. r= |x]. 
Similarly b, = gi(m), where | gi(z) |< e* for r> 7’. Hence 


G = gg, an integral function (not a polynomial, since g, g1 
are not polynomials) such that 


IG@) |<, r> 4%, 
r. being the greater of re and 7’e. 
2 2 


By Faber’s theorem, the series 


UG(n)x" = Yanbx” = H(f,0) 
has the point 1 as its only singularity, and from the re- 
marks in § 42 it follows that this point is surely singular 
for H, and likewise essential. 

It is to be noted that the point 1 is an essential singularity 
of H(f,¢) if this point is an essential singularity merely of 
one of the functions f, ¢, provided that for the other func- 
tion it is an isolated, non-critical singular point.’ 

In general, if the a, 6 are not isolated, it may happen, as 
shown by an example of Soula,’ that even if y,;1s determined 


1 Faber, Jahresb. der deutsche Math. Verein., bd. xvi (1907), p. 285. 
2 Jour. de Math. pures et appliquées, t. 86 (1921), p. 197. 


the series having the point 1 as its only singularity. 
eae ot such a series was pe in eee ene 


mentary to pes ae having the property that 
lim (Naa — 2) = 


Form the function 


(x) = » Shy, as 


the series having unit radius of convergence. Then H(f,¢) | 
= 0. By Hadamard’s theorem, the series for ¢(x) has its 
circle of convergence as a cut. Its singularities therefore - 
consist of all points whose absolute value is at least 1. 
Since a = 1, we have |ag|=|s|21. But none of the 
points af is a singularity of H(f,¢) which vanishes identically. — 

48. We now show that the theorem of Hurwitz may be 
applied to give the angle of at least one singular point on 
the circle of convergence. | 

THEOREM 3 (Mandelbrojt): Let g(x) be an integral func-— 
tion such that 


| g(x) |< e* forr>rer=|z\. 


Let f(x) = Za,x", a series with unit radius of convergence, and 
having all tts singularities on the circle of convergence. Let 


ag(n + 1) — Chasg(n) +-++++ (— 1)"anyig (1), 


Yn 
k 
k? 

Then one of the angles cos (1 ~ ) 1s the argument of 
at least one singularity of f(x). 


ll 


limV | y9|- 


Hadamard and Hurwitz Theorems 
Proof: Consider the series 


> Fn+1, 
n-+1 
n=0 z 


and 
FE rent 1) 


ght 


n=0 


331 


(2) 


(3) 


Denote by a the singularities of f(x). Then |a| = 1. 


The series (2) has singularities only of the form a’ = e 
a 


The series (3) has the point — 1 as its only singularity, since, 
by Faber’s theorem, the point 1 is the only singularity of 
Dg(n + 1)x"*?, The operation of Hurwitz applied to (2) 


and (3) gives 
ee 


A hoe z 
n= 


Every singularity y of (4) is of the form a’ — 1. 
radius of convergence of (4) is given by 


k= limV | |. 


Hence there exists a singularity of (4), say ke, O< yo 


and a such that 


That is, 

k(cos Wo + 7 sin Wo) = cos go — 1+ 751N go. 
Equating the real and the imaginary parts, we obtain 
h? 


cos dG =1- = 


2 


(4) 


The 


2 3; 
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At least one of the ¢ thus determined is the angle of a 


: : : 1 : 
singularity a’ of (2). But since «= —) the same is true for 
a 
F(x). 
By means of this theorem it is possible to determine the 
positions of the singularities of certain functions all of whose 
singularities are on the circle of convergence. 


SS a ee 


XI 


SINGULARITIES AND ARITHMETICAL PROP- 
ERTIES OF THE COEFFICIENTS 


49. At the beginning of Chapter V, we remarked that 
some general facts about the singularities of a function may 
be inferred from certain arithmetical properties of the 
coefficients, particularly such properties as remain invari- 
ant with respect, for example, to differentiation. In that 
chapter the property considered was the number and the 
distribution of the lacunae. 

We proceed now to a group of theorems which show that 
with a knowledge of certain other arithmetical properties 
of the coefficients we may predict the form of the function. 
The theorems of the present chapter, while therefore re- 
lated to earlier theorems, differ from those theorems in 
that the hypotheses on the coefficients are more specialized, 
and accordingly the determination of the nature of the 
function is more specific. 

50. THeorem 1 (Eisenstein!): 4 series 


oo 
Ae R=, (1) 
n=0 

where the A, are rational, has the property that uf the function 

defined by the series is algebraic, there will exist an integer N 

such that the quantities A,N” are integers. 

The converse is not true, for we have seen that in any series 
with a finite radius of convergence it suffices to change the 


1 Monatshefte d. Akad. d. Wiss. zu Berlin (1852), p. 441. 
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signs of an infinity of coefficients in order that the circle of 
convergence of the resulting series shall be a cut. Conse- 
quently the function represented by the altered series, 
although its coefficients have the required property, can not 
be algebraic. 

For the case in which all the 4, are integers, we have the 
theorem of Carlson ?: 

THEOREM 2: If the circle of convergence of (1) 15 not a cut, 
the series represents a rational function of the form 


P(x) 
(1 — 2°)? 


where P(x) is a polynomial, and p, q are positive integers. 
51. The author? has proved a theorem which may in 
certain cases be regarded as the converse of the theorem 
of Eisenstein. 
THEOREM 3: If the series (1) has rational coefficients such 
that there exists an integer N for which the quantities 


Ao, A,N,:-:+++, A,N",+++> 


are integers, and if the function represented by the series is 


regular exterior to and on the circumference of the circle of 
N N? Saat 
radius —.—— and center Woy then the function is of the 


N?-1 N? 
form 
P(x) 
(i ix)" 


where P(x) 1s a polynomial, and h is an integer. 
We remark that if the above condition on the distribution 
of the singularities is dispensed with, the function defined 


1 Math. Zeitschrift, bd. 9 (1921), p. 1. 
* Comptes Rendus, t. 178 (1924), p. 985. 
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4 
By 
4 by (1) may have an almost arbitrary aiacbaeos of singu- 
q larities. The theorem is therefore of a character quite 
' different from that of Carlson. 

For the proof of Theorem 3, let 


$(z) = 23 Ss = > 


AnsiN"t 
fe) = 2B 


(2) 


The singularities of f(z) are the points which correspond 
by the transformation 
N 


a (3) 


Z= 


le2) 
to the singularities of yAa. A direct calculation, on the 


n=1 . 9 
basis of (3), shows that to the circle C with center at rine 
and radius peers’ corresponds in the z-plane the circle C; 


N?-1 
with center at N and radius 1. For the transformation 
carries real values of x into real values of z; the circle C 
has its center on the axis of reals, and intersects this axis 
at the points 


NN N N 
Mae yo NS 
uv? N N 


to which correspond the real points 
ma=N-1, 2=N+1. 


Hence C, has its center at 4(z + %2) = N, and radius 1. 
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The theorem of Hurwitz applied to the series (2) shows 
that the function 
eo V3 
v(z) = bs n+1? 
n=02 


where 
‘Yn = (A,N)N" — Ci(A.N?) N°" +----+(4,N")N 
=dNA, A, (4) 
A,4, denoting the nth difference of the sequence {4,} 
with respect to 4,, and 6 being equal to 1 or — 1, is regular 


exterior to and on the circumference of the unit circle, 
since the only singularity of ¢(z) is the point — N. Hence 


lim Vi vn | = 6< 1. 
no 


But from the hypothesis and (4), the y, are integers. 
Hence y, = 0 for n> no. 


In the series )) 4,x*-!, replace x by jets: We have 


k=1 


k-1 


LA i(; ae mtd DAG ae 


The general term of this series may be written 


k-1 


A Pie acieae| = y eed yee k—1, 7. 
k (1 a yy Ne ) A,C, My 


Hence 


uA As yE = » ora oy poe 


k=1 ee 
1 


0 bas 
as, yy eh ey Cele ip vee 2 
k=1 


r=0 


fh a ak 1'4,A1 ia nat earl? i; ae 


SRS 1 "A, Ay 


‘so that , 4 
~ Aged Aye Pic A pee 
E- 7 : | i P(x) 
F = € es x)” 


and the theorem is proved. 
Achyeser ! has shown that the preceding theorem may be 
_ proved by means of Euler’s transformation. 
We remark an interesting consequence of this theorem. 
_ Given the series (1). If NV is a positive integer such that 


YAN tx" 
has integral coefficients, then unless 24,x" represents a 


function of the form ans we must have 


1 
Te 1, (5) 
p 
where p is the greatest distance from the point 1 to a singu- 


larity. 
1 Bull. de l’Acad. des Sciences de |’Oucraine, t. 1 (1925), p. 32. 
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We may suppose that p is less than 1, for otherwise the 
statement is trivial. Write (5) in the form 


1 
OE ee 
If this inequality were not true, all the singularities would 
Sere ; N? : N 
lie within the circle of center Vo and radius Voi 
The function defined by 24,x" would therefore be of the 
Pix) ‘ : : 
form Ga x” with only one singularity. 


We thus obtain a lower bound for N in order that a 
function represented by a series with rational coefficients 
be, for instance, algebraic, not rational. 

The author has applied the foregoing type of research to 
the theory of transcendental numbers. 


XII 


SERIES HAVING THE CIRCLE OF CONVERGENCE 
As A .CUT 


Theorem 1 of Chapter V is sometimes called the Hada- 
mard-Fabry theorem. This chapter has for its object the 
consideration of related theorems. We shall obtain less 
restrictive conditions on the {),} in order that the circle of 
convergence shall be a cut. We begin by developing some 
ideas which, although elementary, are important in them- 
selves as well as in their bearing on the theorems in question. 

Let f(x) denote the function defined by a,x" within the 
unit circle. If|8|< 1, we have 


f(B) = ao t+ aBt:---, 
00 
. f™ (8) as > (m = q) sa Re 
qg=0 q: 


For the expansion of f(x) about the point x = 8, we may 
write 


fx) = Veale — 8)", B= be. 


Let C,, R; denote, respectively, the circle and the radius of 
convergence of this series. We have 


oe ana as x (m+ q)! 


reels Cuba: 


Am4aB« (1) 


™ 


It is clear that R,=1-— , since f(x) has no singularities 
within the circle C2, center at 6, radius Re = 1 — b. Hence 
339 
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C, is tangent to the unit circle at the point ¢’*. If Ri = Ro, 
then ¢’® is singular, for all other points on Cy, are interior 
to the unit circle. Conversely, if ¢* is singular, we must 
have R; = Rp = 1-—b. Hence the requirement R; = 1 — d 
is necessary and sufficient in order that e* be singular. 
Similarly, the necessary and sufficient condition that ¢’* be 
regular is Ri > 1 — 3B. 

Expressing R; in terms of the c,, we have 

(A) If the following inequality holds: 


1 
Te Beccary lim V[el <7 — (2) 


lim V|c, | 
then e** is regular; 
(B) if 
1 


Ri = egos ree ={1- b, lim V[c,| = — (3) 
lim V|c,,| 


then e** is singular. 

If, in (4) and (B), the c, are replaced by their values 
given by (1), we may say that the point ¢’® is singular if 
for an arbitrary «> 0 we have, for an infinity of values 
of m, 


lem] = [am + (am -+ Desa She» Cha-ta%ma Die + > + +| 


1—.«\”" 
and ¢’* is regular if there exists an «> 0 so small that 
1—e\” 
ioe <(-—*) (6) 
for m> mo. ; 
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In what follows we shall use the fact that the left hand side 
of (5) and (6) may be replaced by a finite sum of terms oc- 
curring in this expression, ¢.g., by 

| Am + (m =f 1) an41be"* + yee Chee é 
where g is arbitrary, but ¢g= p= p(m), where this last 
number depends only on m. This principle, due to Hada- 
mard,'’ has been employed by Fabry, Leau and others in 
obtaining important results. 

54. We shall prove the existence of the number p = p(m). 
Suppose for simplicity that ¢=0. Since the quantity 
Ci49m™g* is a term of the expansion of (m+ q)”*? we have 


Cheam™g? < (m+ q)"™ (7) 


Moreover, since this term is the largest in the expansion,” 
and since there are m + ¢ + 1 terms, we have 


(m+ 9)"" 
@ nage NCO a 
GE i LEH (8) 
From (7) and (8), 
miles ene c: 
lim afr > lim Chad 
m ——_—_________ 
i eG) 


moo V(m+ q+ 1)m"q" 
where g may be supposed to vary with m, and where the 
existence of the limits is assumed. 

1 loc. cit. 
2 Write (m+ q)™+¢@ =aytait....+ amt where 


= (m+)! _ m+a—kok 
aS 7 Ee Te eae 


= et g — ki- 1 


ae = here iy ae — Ak—1; 


Then 
q 
m 
so that if & <q, then ag > ax—1; whereas if k > g, az <ax—1. The maximum 
term in the expansion of (m + q)™*+¢ is therefore 
ea ad re aa [Eprror.] 


om jitihs “bint 
ae + Re +) 1 + iG Jp 
Let / be a number satisfying the inequality “a 
bo) 


To each integer m corresponds a number # = p(m) such : 


that for g = p the following inequalities hold: “Ik cf 
+ nb(1+™) <1 (1) 
+i)! 
(+4 SS <a (12) 
It is possible to choose } and / in such a way that (11) 
? 


and (12) are surely satisfied for a \’, where 2’ is an arbi- 


trary fixed number greater than 1. In fact, on the one hand, 
lim (1+ (1+ 4) = 05 
b-0 r 
the inequality 
1 
(1+ no(1 4 a\<t l (11’) 


is therefore satisfied for a pair of numbers ),, 1, both arbi- 
trarily small, 5, being chosen small enough with reference 
to l,. 
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On the other hand, 
lim (1+ »’)(1 + 0)P! = 0 


since \’> 1; and 1 
lim ——— = 1. 
b-0 1 = 


Accordingly, for 1 = 4, b = hr, these numbers being sufhi- 
ciently small, we have 


1 


, rn’ —1 
(1+ xy + oh < 7, 


or 


Gtx 4ar< (12) 


Hence there exists a pair of numbers i, );, arbitrarily small, 
such that (11’) and (12’) are verified. We may take |, < . 


Under the same conditions, the two quantities 
1 
Q+mn(1+4), att aor 


l (< *) and b, being fixed, decrease as x increases. The 
e 


truth of this statement is obvious for the first expression; 
as for the second, its derivative with respect to x is negative 
1 
when |, < Since (11’) and (12’) hold for] =< - b=h, 
e 
and )’ > 1, it follows from what we have just seen that these 
inequalities are verified a fortior: if we replace X’ by me N: 
It is therefore always possible to satisfy (11) and (12) by a 
suitable choice of | and b, and by letting p be arbitrary but 


greater than m)', where \'> 1 is fixed. Hereafter it will be 
assumed that b, / and p have been so chosen. 
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From (11), 


q 

[a+m(i+™)]"<m% aeps 9) 
consequently, from (10) and (12), 

| Ch 4 oA m4o"| < (4) >» q=?p. (14) 


Now, from the inequality 


| am-+al <— (1 + Wis 
we have 


1 1 2 2 
Oe leet aide ah Ca 2 Om-+q420"t jotess | 
J . 
< CAL +) ert 4 Cai? (1 + gy mtetepet 


=t- “> | = P 
On the other hand, 
Cinergy (1 + n)™ tip hee 
Goud Fare A+ 
< (1 + mV +7), (15) 
and from (11), 
Gute Pe mtr+l prt 

4rqi(1 + 7) Pe (16) 


Cra eye 
Combining this inequality with (14), we have 
| Coma" + Crpat1dmtg p10? +++ | 
< | CM ofr" Cdl Pee) 
(a 
1-db/ 1-1 


and therefore 
m 
EE Frenne Steen sul Rey, Ee SR A TS 
q q Fa 1 
fim V| Cintadmtgt + Cra 1Gmtq¢i0tt ++. 


1 jf 
SH oee if g=hb. 
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But if {4,}, {B,} are two sequences such that 


lim V]4,| = 4, 
and 

lim V|B,| = B< 4, 
then 


lim V| 4, + B,| = 4, (18) 


which is equivalent to the statement that if the radius of 
convergence of 2B,.x" is greater than that of 24,x", then the 
series 2(4, + B,)x has the same radius of convergence as 
2A,x". 
Let 
abe = an a (m + 1) an41D “hye oe pent (19) 


i} 1 
Br = ARTE Se fie 


Then the point 1 is singular if 
V| Am + Cin414m4i0 +++ Ch 4 c4m4qb*| 


© Vi4n + B|> 


1 


for an infinity of m, and for every «> 0. The point 1 1s 
regular if for an arbitrary e, 


errant ar Lee 
V| Am + Cing1Amy1d +++ ++ Chpadm4ab"| < jie 
for m sufficiently large, and for d sufficiently small, depend- 
ing on e. 
In general, the point e* is regular if 


Fee 1 
lim V| an +- Grvidngive” + OE + Ct Lane < 1 iit i 


mo 
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and singular if 


lim WV] an + Chg1amgbe® f+ Coy ams gb'e™| = 3 


m— co 


for g= ?, and for b sufficiently small. 


1 


(5‘) 


55. TuHeorem 1: The circle of convergence of the series 


Lia, 2 ar oe nis 


Anti — An 
An 


where 


> Nene 1p Zysahe 


d fixed, 1s a cut} 


We assume that the radius of convergence is 1. 


sponding to each m, choose a number q’ such that 
Gerad 


acon te 1-v 


where D is given as in the previous section. Then 


Sy APTS a: 
fe gee 


m—0o m™q'@ 
’ ans qd @ 
yi 2 -f £ 
= lim (1 + at) mmm! mpm 
m—0o m 


HR 
eon {by aad eee 


On the other hand, 


lim Vm+q'+1=1. 
Hence, from (22), 
OU ee 
hin DR uo LEN death ea 
moo V(m + g’ + 1)m™q" 1-v 


1 See footnote, p. 351 


(20) 


(20’) 
Corre- 


(21) 


(22) 


: 2 ee sow " fib 
20 se eb so small that arg &: be 3 


a a gas = i ie tae aii t oo 


<u. 


t \’ be a number mace the inequality 


Be ar Phi: hi BE RAE EN <A, ore (ee 
“and define the eee sequence {m,} by ees iaieg 
ee ee al 2 Cg ieee 
Ste pee 
lim — eee 
In’) let m take on the values m,, placing ; 
ee RADE 26") 


_ Since, from (20’), we have 


An 
Ne 1+ 
- where > a it follows that \,-1< \,(1— 3), hence, 

from (26), 
Mig gels. 

Noting that \, > m,, we obtain from (26’), 

base _ det 4 gS Ls Ge ee 
My, Mn Mn Mn My, 
Hence, for n sufficiently large, 


= i 


n 


SON 


Sera Se a ee A ee ee ee eo weer 


1 E[x] denotes the smallest integer > x. 
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since lim an 0. But we have seen (page 343) that, under 


noo My 
these conditions, the inequalities (11) and (12) hold, pro- 
vided further that / and b are suitably chosen, b sufficiently 
small with reference to J, which is arbitrarily small. If 
then qg is chosen so as to satisfy (26’’), 1.¢., if 


Mn ot: Cs An4+1 i, (27) 


then g may be substituted in (5’) and (6’) in order to ob- 
tain the criterion for determining whether or not a given 
point on the circle of convergence is singular. From (27), 
all the coefficients k,, from ky, to Rm,+, vanish except k, , 
hence 


Ring + Cinttm,+106* +++ +++ CR 4 gRmatqd%e? 
= Gt Rh ent aes (28) 
= Cf ky beet, 
where g’ = 4, — mn. By (26), the number q’ satisfies the 


requirement (21) if m takes on the values m,,. 
From (23), 


3 ars 1 
ELS ic eat arate 


Now there exists a subsequence {),,} of {d,} such that 


But from (26), 


and therefore 


m PN An; 


lim VPA, 1=[lim V1, 1 | = 1. 


i> 00 


o 


al a.) > | 


j 
“s 
= 
4] 
y 
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Hence 


a 


(30) 


lim V| &, | = 


We obtain from (29) and (30), 


™m 


Tim VICE be"2, | = aa 
and from (28), 


lim ee + Cragin, 106° Po arge ade Co elm he |= 1 


noo a 


Comparison with (5’) shows that every point ¢* is singu- 
lar. Theorem 1 is therefore proved. 
56. THEOREM 2: The circle of convergence of the series 


La 


is a cut provided that there exists a number o < 1 such that the 


1 
ar 


series 


converges. 
Let 2a, x’ = >k,,x™. From the sequence {i,} we may 
extract a subsequence {x,,} satisfying the conditions 


i aN os 1 (31) 
bm 


d being fixed; and 


Um Um 

lim V|a,_,| = lim V[4,,,| = 1. (32) 
moO m— co 

Denote by {m} the sequence of integers contained in {),} 

and having no element in common with {u,}. The sequencé 


; 1 
{n,} clearly has the property that the series Le converges. 
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We may form an integral function 


oo a 
gz) =I lees 
k=1 1k 

having the points 7, and no others as zeros. By Theorem 5, 
Chapter V, the function defined by Zg(n)x has just one 
singularity in the entire plane. 

On the other hand, it follows from the work of Poincaré : 
that the function g(z) has the property that 


|g(@z) | >a", er =|z[5~e> 0, 


for r> 7,, the point z being such that within the ring formed 
by the circles with centers at the origin, radii |z|— 1, 
|z|+ 1, respectively, the function g(z) does not vanish. 
But the number u,, has the property required for z, from 
the way in which g(z) was formed; hence, for & sufficiently 


large, ote 
le (un) | > ete (33) 


for «> O arbitrary. 
Now the series 


Lug(n) kx" = Dd, (34) 


has only the ds, as non-zero coefficients, since for the in- 
dices n different from py, we have either g(n) = 0 or &, = 0. 
Hence we may write 


Die(n) keen = Vedi xctm, 
But we have, from (33), 


ps ae ees salves 
lim V] g(Hm)| 2 lim e~#m" 
m— oo moO 


= 1, sinceO< o+ <1. 
* Bull. de la Soc. Math. de France, t. 11 (1883), p. 136. 
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Since 2g(n)x" converges within the unit circle, we have 
Hm 


tim V[g(um)| <1. 


Hence 
Hence, from (32) and (34), 


that is, the series Ydz,,x"" has its radius of convergence 
equal to 1. The function defined by this series accordingly 
has the unit circle as a cut, since the sequence {y,,} satis- 
fies (31). 
Now 
d4,,,x'" = Did,xn = Dig(n)kyx”, 


and since 2g(n)x" defines a function having the point 1 as 
its only singularity, it follows from Hadamard’s theorem on 
the multiplication of singularities that 2k,«" likewise has 
its circle of convergence as a cut. For otherwise the circle 
of convergence of Zd,x" would not be a cut. The proof 1s 
therefore complete. 

57. THEoreM 3: The circle of convergence of the series” 
Lax” is a cut provided that 


Mn 
where a, h are arbitrary but fixed positive numbers.* 
1 When a = 1, the theorem reduces to Theorem 1, Ch. V. Taking a = 3, we 


have the theorem of Borel, Jour. de Math., t. ii (1896), p. 441. Finally, the most 
general theorem, viz., that the circle of convergence is a cut if lim (An+1 — An) 
n ne} 


= 00, is due to Fabry, Ann. de V’Ecole Norm. Sup., t. xiii (1896), p. 367. 


b 


a 2 


Spek 


dete — n> RUE 28 ph BD, : 
oe | Antp > A(1* + 2° cate « p) i: : 7 
ar Se | | a hf xd a a 
We may choose a number r, 0<r< 1, such that 
(oo + 1st a, ee 


provided 6 is small enough. Consequently 


r h Vv r(a+1) 
nite > (. +1 p 


h : Lys 
>(4, p 


The series Le is therefore convergent. Hence, by Theo- 


rem 2, the circle of convergence of the given series is a cut. 
This transition from Theorem 1 to Theorem 3 by means — 
of Theorem 2 is due to Faber.’ Starting with Theorem 1 he 
also proves by an analogous process the theorem of Fabry 
referred to in the footnote on p. 351. The latter theorem ' 
includes as particular cases the theorems of Hadamard and 
Borel. S. MANDELBROJT. 
’ 


ee 


1 Sitzungsb. der Math.-Phys. Classe der Miinicher Acad. (1904), p. 62, 


g 
— ea 


sto 


